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PREFACE. 

•i 

^ HE fubjedt upon •which' this littU 
■ ^rah is founded^ as to its ufe^ 
fulnefs^ needs no apolo^ arid I 
have endeavoured to put it in fucb 
&Ugbty ds may futty anfwH" the ends and 

ejtpe^atim of the reader, ' 

• EoTf* ift the jirfi ptacb, / have given 
d very - exaSt table for ef mating the fro~ 
Bability of Jife^ deduced from lo years oB- 
fervations’^ on the bills of mortality of 'the 
tity of London, whereupon the Jiicceeditig 
caldtlatidhs are grounded. • *Theni after 

h 2 jhew- 

X 



iv The PREFACE. 

Jbewing bow to compute tbe values of fingle 
UveSy I lay down a Lemma^ for tbe fake of 
tbofe Unacquainted with the principles of 
chances^, by .help whereof the moji intricate' 
Problems in the fulyeSl are refohed. Next ' 
tbe values oj annuities upon more lives 
than one covj^e to be cOrfidered\ as^ 
for any number Of joint lives % fecondly, 
the longejl of any number of lives % 
thirdly^ for lives^ where tbe annuity ceafes 
upon tbe extinSlion of any ajjigned number 
of them. Then I proceed to determine the 
values of reverfons, firjl^ for tbe longejl of 
any number of lives, after the longejl of any 
number of other lives-, fecondly, for any 
number oj joint Uves, after any number 
of joint lives j thirdly, jor any number of 
joint lives, ajter the longe/i of any number 
of lives-, fourthly, jor tbe longejl of any 
number of lives, after any number of joint 
lives, ^en, from the theorems before laid 
down, is given a Jet of tables for tbe va- 
luation of annuities, upon one, two, or 
three lives, according to feveral rates of 
inter ejl-, tlie uj'es of which are explained 
in fuch a, tnamier, as to be under food by 
all who know but common aritbmetick. 

^ . Next 



X 
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The PREFACE. 

, iyifjf/ is Jhe^ bow to determine the 
values of Succejive Lives, where the frjl 
PoJJeJfor has a right, at bis deceafe, to no^ 
minate his fuccejjor, and bis fuccejjhr a 
next fuccejor, and fo on. ‘Then the value 
that ought to be paid for renewing of 
leafes upon any number of lives, together 
with the lofs or gain of the purchafer in 
renewing for any ajjigned fum, is confder'd-, 
as alfo bow much the rent-roll of an eftate 
ought to be increafed upon account of fucb_ 
- renewals* 

l!hen is ^ven a method for finding the 
values of Reverfions, when the expectation 
depends on the chance of one particular 
life in pofjejfion furviving the refi. 

Lafily, are laid down fome eafi praCHcal 
Riles for approximating the values of lives 
without the help of tables. 

What, I. apprehend, may befi recommend 
this performance, is the general, yet fami- 
liar manner in Vfhich the fulyeSt is treated, 

there 
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there not being a Solution throughout the 
Me' mrk,- exdept fShfe ff^itig tb the 
1 ^ oj the feAUsy thtrt ta Mt uAiveifat^ SSa 
cotdilt^ ft eiitf fetke of dt 

^ee (f frobability tf Itje iohtltfoe^r j Mi 
ytf ^e coriih^ns mi prSSlkat fuks dlf- 
(hece'd t^efroMy drey- fid tht 
dltdgether da Jithfle^ da coWi it det^^ 
from dhf hypothefii. I iheHtiofi byfStht^^; 
bdednft Jbme adfhot^s on th'i'a Juk^bty 
diet' trdttblnig tbenfehet 6t theii^ reddet't 
dboitt obf^vatroriSy &c.- llddii taken updi 
them to prefcrt be methods of their oaSdify-fklrt 
have neither foundation in experience nor 
in reafon. But^ thb' J cannot help bldnHng 
thofe mtUy who vdovdd thus MbitfarHy oh-- 
trude their own notions' upon the wdtld fdr 
infallible rules, yet I would not be thought 
to condemn any hypothefs grounded upon rea- 
Jon and matters oj fahtybecaufe fuch are often- 
times- made uje of to very great advantage i 
ej which Mr. Dc'Moivre'i excellent book 
on this JubjeSl is an injiance. 

^ayi'nf taken fomY notice of the defeSlt 
of other S'y it mtcy mt be* improper to eti- 
• • ' deavour 
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fiififuqur tp 4fu if 

m4( f9 ^nfmi ^orh, ^ 

4 > 

ft is foffffk that (be grf^t diitremp 
v^ifb tbffp is, in fittf poft oj Ujt, b‘fwm 
tbe of an nnauity pcfpr^ing ip (be 

BrieU^u p^ry(ftiot^^ pn4 tbefi^^ng 
my ttntptfime [e^ppiyslly fbp/e no^fi 
U ki io mfim fkp m^mfs ^ tbt 

6T fbe obfirunfipfis mobfreor^ fb^ 
^i4ed\ they may ajktn tb^ Lo»4l». 

of iop flt^x <? i^dy to 0 M pf 
cpj^tain meajure for tbe probability pf (ift^ 
^ tbqt tbt account^ pfbijfbpf the topta 
fpyjy of parifh^tlprbs, ar4 nqt tp be depend/t4 
on. But to this I answer, tb^t tbo' the coptH 
pual refort of people from all parts^ caufes 
indeed a great thcreafe in tbe bills of morta- 
lity^ it will no ways influence tbe values of 
tbe annuities thence deduced^ if the numbers 
of perfpns tomin^ up to town ap^ all ages, 'be. 
proportional to tbe whole numbei^s of tbe Ibun 
ing of the fame ages j and tho* this fuppo- 
Jition is not exaSlly true in [mall ages, yet as 
epcperience (hews it to be more nearly fo in 
greater, and as tbe number of perfons that 
copse to live in town dfter 25 or years of 
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viii The PREFACE. 

age, is inconfiderable witbreJpeSi to the whole 
body of inhabitants, it is evident, that the 
values given in the tables jor all ages, not 
lefs than 25 or 30 years, can be but little 
^eSledfrom the caufe abovementioned. ‘Tis ' 
true, the valuer for younger lives, have ' not 
quite fo good 0i foundation •, but, I prefume, 
the method 1 have had recourfe to upon this ' 
occafon is fuch, as is not liable to at^ reafm- 
abU objeSlions ; and, as to the difference that 
may arije from any uncertainty or error in • 
the accounts of the parijh-ckrks, it can be 
but very little, becaufe if the age happens to ' 
be given in a little too high one time, there is 
the fame chance of its being put down as. 
much too low another. 



\ Note. The Cut belonging to Lemma II. (be- 
ing through Overfight there omitted) is inleited 
at the end of the Book. 
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VALUATION] 

O F 

Annuities upon Lives. 

T H E value of an annuity for life, 
depends, upon the intereft vi^hich 
money bears, and the probability 
of the life continuing a longer or 
fhorter time ; the former of which is gene- 
rally fettled by law, but the latter muft 
be detennined from obfervations. 

Of all that has been hitherto offered for 
cflimating the probability of the duration of 
life, nothing ieems deduced with greater 
judgment and exadnefs,- than the tables 
publilh’d by Dr. Halley, and Mr; Smart, 
for this purpofe; which, neverthelefs, are 
both liable to conliderable objedions. 

The Dodor’s Table, being grounded on 
obfervations made at Brejlau, a place where 

B the 
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2 Of Valuation of 

the generality of people live to a greater 
age than at London (as appears by com- 
paring the bills of mortality here, with 
thofe obfervatiops) can be no juft mea- 
fure of the probability of life in this place j 
and as to that qf Mr. Smart, tho’ it is in- 
deed free from this objedlion, and founded 
on a very large number of obfervations, yet 
the great and continual afflux of people 
from all parts up to town, renders the de- 
ductions from thofe obfervations confider- 
ably different, in one part of life, from 
what they would otherwife be j and this 
Mr. Smart feems not, in his table, to have 
confidered, or made any allowance for. 

For thefe reafons, tho’ I had determined 
to depend on, and make ufe of, this laft 
gentleman’s obfervations, in the enfuing 
pages (as, undoubtedly, the beft for the 
city of London, and parts adjacent) yet have 
I deem’d it neceflary to make fome altera- 
• tions, in the table of the probability of life,, 
from thence derived. 

In doing this, I have fuppofed the num- 
ber of perfons coming to live in town, after 
25 years of age, to be inconfiderable, with 
refpedt to the whole number of inhabi- 
tants ; and therefore the probabilities of life,, 
for all ages above 25 years, the fame as this 
author has made them ; but then have in- 
creafed the numbers of the living, cor- 
xefponding to all ages below 25 j fo that 

they 
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Annuities upon Lives. 3 

they may, as near as poffible, be in the * 
fame proportion one to another, as they 
would be, were they to be deduced from 
obfervations on the mortality of thofe per- 
fons dnlyy that are born within the bills. 
Which was done, by comparing together 
the number of chriftenings and burials, 
and obftrving, by help of Dr. HaHey\ 
table, the proportion which there is be- 
tween the degrees of mortality at London 
and BreJlaUy in the other parts of life, 
where the ages are greater than 25. I 
{hall here fubjoin the table, altered as 
above, and then proceed immediately to 
the ulcs thereof. 



B 2 ' a' 
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Of the Valuation of 



A TABLE fhewing the Proba- 

• Tlie Numbers mark’d X are fuppofed to die 
called the Decrements of Life. 



N®. of Ages 
Perfons. cur'. 


N". of Ages 
Perfons. cur'. 


N“ of Ages 
Perfons. cur'. 


iN“. of Ages 
Perfons. cur'. 


1280 born 


524—10 


462 20 


385—30 


410 X 


7 x 


?X 


9 X 


87c — I 


517— II 


455— 2 1 


376—31 


170 X 


7 x 


7 X 


9 x 


700— r- 2 


510-^12 


448 22 


367—32 


65 X 


6 X 


7 X 


9 x 


635— 3 


504—13 


44^—23 


358—33 


35 ^ 


6 X 


7 X 


9 X 


600 — 4 


498—14 


434—24 


349—34 


20 X 


6 X 


8 x 


9 X 


580— 5 


492—15 


426 — 25 


340—35 


1 6 X 


6 X 


8 X 


9 X 


564— 6 


486—16 


418 — 26 


331—36 


13 X 


6 X 


8 X 


9 X 


55 »— 7 


480 — 17 


410 — 27 


322—37 


10 X 


6 X 


8 X 


9 X 


541— 8 


474—18 


402 — 28 


313—38 


9 x 


6 X 


8 X 


9 X 


532— 9 


468 — 19 


394—29 


304—39 


8 X 


6 X 


9 


10 X 


C 24 - 10 


462 — 20 


385—30 


294 — 40, 
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Annuities upon Lives. 



hilities of Life, from Obfervations. 

off yearly, and are what, in the fucceeding Pages, are 



N°. of Ages 
Perfons. cur'. 


N®. of Ages 
Perfons. cur'. 


N®. of Ages, 
Perfons. cur*. 


N“. of Ages 
Perfons. cur*. 


294 40 


204—50 


130 60 


69 70 


10 X 


8 X 


7 ^ 


5^ 


284—41 


196—51 


123 — 61 


64 71 


10 X 


8 X 


6 X 


. 


274—42 


188—52 


1 17 — 62 


59—72 


lo X 


8 X 


6 X 


5^ 


264—43 


180—53 


111—63 


54— 73 


9 x 


8 X 


6 X 




255—44 


172— 54 


105—64 


49—74 


9 X 


7 x 


6 X 


- 4 x 


246—45 


*65—55 


99—65 


45—75 


9 x 


7 x 


6 X 


4 x 


237—46 


158— 56 


93—66 


41—76 


9 x 




6 X 


3 


228 — 47 


151—57 


87 — 67 


38—77 


8 X 


7% 


6 X 


3 


220 — ^^48 


144—58 


81—68 


35—78 


8 X 


7^ 


6 X 


3 


2 1 2—49 


137—59 


75—69 


32—79 


8 X 


7^ 


6 X 


3 


204 i^O 


130 — 60 


69 — 70 


29 — 80 



Now, 



Digitized by Coogle 





6 0 /* /y&g Valuation of 

Now, in order to fhew the ufe of the 
foregoing table by an example, let it be 
required to find the probability, that a per- 
fon of thirty-fix, lives 30 years lon- 
ger, or attains to the age of 66 years, look 
in the table againft 36 years and 66 years, 
and correfponding thereto, you will find the 
numbers 331 and 93 refpedtively j (hew- 
ing, that out of 331 per Ions living of 36 
years of age, only 93) of them arrive to 
the age of 66 : therefore, feeing the whole 
number of perfons living at the beginning 
of this term, is to the number remaining 
alive at the end of it, in the ratio of 331 
to 93 j the number of chances that a perfon 
of 36 years of age has to live 30 years 
longer, will be to the number of all the 
chances^ that he has both ' to live beyond, 
and die within 30 years, in the fame ratio 

of 331 to 93 j and therefore is the 

meafure of the probability required; the 
probability of the happening of any event, 
being always to be confidered as the ratio 
of the chances which that event has to 
happen, to all the chances which it has both 
to happen and fail. 

This being underftood, fuppofe it were 
now required to find the value of an an- 
nuity of 100/. for a life of 2© years of 
age, intereft at ‘4 per cent. 

Becaufe 
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Annuities upon Lives. y 

Becaufe the prefent value of loo/. due 
at the end of one year (difcount being al-^ 
lov/ed) is 96.15, it is plain, that fo much 
would be the value of the firft year’s rent, 
was the purchafer fure to receive it ; but 
the probability of his living one year, ap- 
pearing from the table to be only the 

aforefaid fum 96.15, in order to make 
a juft dedudion out of it, for the contin- 
gency of his dying before the end of one 
year, ought to be diminilh’d in the ratio 

of 462 to 455, or multiply’d by ^ 

which will reduce it to 94.70, equal to 
the true value of the firft year’s rent. 
After the fame manner may the value of 
the fecond year’s rent be calculated j for 
fince the probability of receiving this rent, 

is let this be mul- 

462 

tiplied into 92.45, the prefent value of 
100/. to be received at the end of two 
years, and the produd 89.65, will be 
the true value of the fecond year’s rent. 

And by a like way of proceeding, the 
values of the 3d, 4th, 5th, &c. year’s 
rents, to the utmoft extent of life, may 
be determined ; and the fum of all thele 
will be the required value of the annuity ; 
which will be found to come out 1480/. 
very near. 

From 



or living two years 
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From the fame method of proceeding,- 
the value of an annuity for any other life 
may be determined j and tho’ the opera- 
tions, requifite to this effedt, are very nume- 
rous, yet, that being once computed, the 
value of the next younger life may from 
thence be eafily derived for if to the gi- 
ven value you add one year’s purchafe, and 
multiply the fum, difeounted for one year, 
by the probability of the youngeft life con- 
tinuing one year, the produdt v^rill be the 
value required (as will appear from Corol- 
•lary VII. of the fucceeding Problem.) Sup- 
pose, for example, that the value of a life 
of nineteen were required from the value 
of a life of twenty, as above computed; 
then, the value of the given life, increafed 
by one year’s purchafe, being 1580/. the 
fame difeounted for one year, at 4 per 
cent, will be 1519.2, which multiply ’d by 

the probability of a life of nineteeh 

continuing one year, gives 1499.8, for the 
required value of an annuity upon this 
life. 

Having fhewn the manner of eftimating 
the value of an annuity for any fingle life, 
and laid down a ready method of compu- 
ting tables for fuch live-s, according to any 
propofed rate of intereft, by deducing each- 
value from that of the next older life,, it 
remains next to confider the manner of 

deter- 

2 
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Annuities upon Lives* 9 

determining the values of annuities granted 
upon two or more lives j but before we en- 
ter upon this, it will be necelfary (for the 
benefit of thofe unacquainted with the 
of chances) to premife the fol- 



principles 

lowing. 



LEMMA I. 

\ 

If a fum of money (S) depends upon two differ 
rent events^ Jo as to be received, if both 
thofe events happen ; the probability of 
receiving that fum, will be equal to the 
froduB of the probabilities of the happen^ 
ing of the two events. 

Let the number of chances for the hap- 
pening of one of the events, be to the 
number of all the chances, both for its hap- 
pening and failing, as to b ', and let the 
number of chances, for the happening of 
the other event, be to the number of all 
the chances, both for its happening and 
failing, as c to j then it is manifeft, that 

X S, or the given fum diminifhed in 

the ratio of d to c, would be the true va- 
lue of the expectation upon this fum (con- 
fidered without regard to time) was the 
fame to be received, or to depend only, 
upon the happening of the laft named of 

C the 
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10 Of Valuation of 

the two propofed events ; or, in other 

Words, X S, will be the fum that might 

be taken as an equivalent in this cafe, for 
the chance of obtaining the fum S. But 
the probability of the happening of the firft 
event, or of being intitled to receive the 

fum X S, as an equivalent being only 

the value of the expedlation ; there- 
ibre, as it depends on both events, can be 
only the y part of this fum, or y x y 
I X S, and confequently the probability of 
receiving the fum S, only y y> i^hicb 
•was to be proved. 

COROLLARY I. 

Hence, alfo, may the probability of receiv- 
ing any fum of money, depending on the 
happening of 3,4, &c. events be calily de- 
rived : For let —, y, &c. repre- 

fent the probabilities of happening of fo 
many different events j and S, T, U, W, 
&c. feveral fums depending thereon, the 
firft S, to be received upon the happening 
of the two firft ; the fecond T, upon the 
happening of the three firft ; the third U, 
upon the happening of the four firft, 

reckon-. 
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reckoning according to the order in which 
the refpedlive probabilities arc placed. 
Then, feeing the probability of receiving 

the firft fum S, is x and that the ex- 

pedlation on the fecond T, depends en- 
tirely upon the happening of this event, 
and that of the aforeiaid order, whofe pro- 
bability isy, it follows that y ^ x y, 

the produdt of thofe two, will be the 
probability of receiving the fum T. Iri 
like manner, as the expedation on the fum 
U, depends upon the receiving of T, and 
the happening of the event, whofe proba- 
bility is the probability of receiving the 
fum U, will bey ^ y y ^ whence 

it appears, that the probability of the hap- 
pening of any number of events, is equal 
to the produd of all the probabilities of 
happening of thofe events, confidered fc- 
parately. v 



PROBLEM I. 



probability of life^ and 'rate of intereji 
being given ; to find the value of an an- 
nuity ^ granted upon any number of joint 
lives^ that is, for as long as they Jhall all 
continue in being together. 
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SOLUTION. 

Let the propofed annuity be i L, and 
A, B, C, Gff. the lives upon which it is 
granted, and r the amount of i L, in one 
year, viz. principal and intereft; let the 
probability of the life A continuing i, 2, 

/ // m 

3, Gfc. years, be reprcfented by tf, a, 

refpedtively } and that of the life B 

continuing i, 2, 3, &c. years, by b, 
&c. &c. then will the probability of all 
the lives continuing, i, 2, 3, iife. years, be 

/ y / / II II II II 

abed, &c. abed, &c. abed, &c. &c. 
&c. refpedlively, by the Corollary to the 
preceeding Lemma. Thefe, therefore, be- 
ing rcfpedtively multiply’d into the terms of 

the geometric progreffion, — , -L, 

Ihewing the prefent value of i L certain, 
to be received at the expiration of 1,2, 3, 

^1 \ ci. a t> c a, &c. abed, &c. 

isc. years^ the products — - 

6cc. thence arifing, will refpec- 

tively exprefs the prefent values of the 
ift, 2d, 3d, year’s rents, upon the con- 
tingency of one or more of the lives failing, 
in I, 2, 3, Gfc. years : The fum of all 

■ ' ' l ' ' II II II u 

1.1 abed, !ic. . abed. Sec. , abed. Sec. 

which, or — : — —7 

&c. is, therefore, the prefent value of the 
annuity, Q^E. I. , 99 “ 
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Annuities upon Lives. 
COROLLARY L 



Hence, will the value of an annuity 

for one Angle life A, be exprefs’d by 

/ // /// 

“ + -I- ^ for two joint 



/ / II It III m 

^ ^ r* ^ r* * 

&c. and for three joint lives by 



lives, A B, by 



III II II II 

» b c *1 o f 






/// mill 

a be 



, &c. 



COROLLARY U. 



////// 

If tf, tf, &c. be taken equal to jT 

a, <7*, &c. and 4 4 4 

equal to^, ^*, &c. thpfi will the 

value of the annuity be defined by the gepr. 

^ . rr abed, &C. . a* b^ f* </*, &C. , 

metric progremon — I 1 1? 



b^ e^ di, 

M ' ' 



• . I abed. Sec. 

- &C. or Its equal 



COROLLARY III. 

Therefore, if the value of an annuity 
for each of the Angle lives be given, equal 
p M, N, P, Q, rcfpc^ivelyj then, 

accord- 
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^4 Of Valuation of 

according to the above hypothefis, — 
Uing = M, = N, ^ = P>“ . 

we fliall have a = i = c = 

&c. and confequently the value of, 

an annuity for all the joint lives equal to 

rMx rNx rPx r &c. 

rX M-pl XiN-f-l X — rM X rN X rP.Cjff.* 

upon a fuppofition that the probabilities of 
continuing in being i, 2, 3, &c. years, 
are to one another, as the terms of a geo- 
metric progreffion, or that the decrements 
of life are in a conftant ratio. 



COROLLARY IV. 

But if the probability of living an 
affigned part of time, be fuppofed to de- 
crcafe continually, to the extremity of old 
age, fo that the terms of the fcries a, 

( tf ' m 

<z, a, a, &c. may be refpcdlivcly expound- 
ed by thofe of an Arithmetic progreffion, 

and the terms 

mmmm 

of the feries h, b, b^ &c. by thofe of an 
arithmetic progreffion, 

(^c. then will the value of an annuity, 
upon all the joint lives, it is manifeft, bs 
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n—\ f — I, &c. , m — 2 ^ » — 2, &C. 

n p r^ht H ‘ 

X &c. where n, />, &c. 

refpeftively reprefcnt rhe numbers of years, 
which the feveral lives have a chance to 
continue, reckoning to the extremity of 
old age. 

COROLLARY V. 

Hence it appears that the value of an 
annuity, according to this lad: hypothefis, 

for one fingle life A will be = -f- 

tn — z m — 1 , m — 4 . r ^ 

7^ + 7^ + w- &'■ JO‘"t 
lives A B, equal to — ■ x x . «-« 

m—i X fi—% ” 

4- ; Gfc. and for three joint lives» 

r* m n ^ ^ 

A, B, C, ■ equal to — — ^ -h 

^ r m n p 

m—z X n—2 X p—z w— 3 X g — 3 X /— 3 

r^mnp r‘ m n p 

each feries being to be continued to a 
number of terms (w,). equal to the num- 
ber of years included between the oldcll 
life A, and the extremity of old age. 

But thefe feries may be fummed, and 

will be found equal to ^4-^ * 

>■ — I ztt X ; — I ' t — I 

___ — 1 X r-\ -n — Tn — i X r* — ^ ^ ^ f 

mn X T— -I * »J« X r — i'** ■ 

and 

2 
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and 



r — I 



i. 



inp — m — I X n — IX^ — I X#" 
mnp X r — i'* 
f — « — r X /> — tn — I X r* * , 2«+2«-|-2/— 

■ ■"■<7* 



mnp X r — 1 mnp X r — i 

I — VI 



% r4~4»» — Z” — 2/4-6 X 
mnp X 

— — ~ ^ refpedtively ; which values, if 

mnp xV— 1'+ / \ 

M be’ put for the value V l^ir- / 



of an annuity, certain^ for m years, and 

of lame annuity 
for ever , will become v — — +.Liy 

m ^ 



•u — X « — m — zv — I X — -4- 2 V. 

n m ^ 

and V — ^ 2 n-\-zp — m — 6 v — 3 

H ^ x« — m — I 'X p — m — i x — 

”p ■* « 

'*'+*X2‘w ~ ; — r — M 

X «+/> — zm — 7 V — -I X 

^ ^ m* 

rcfpedtively ; (hewing the worth of an annuity 
for one, two, or three joint livesj upon 
fuppolition, that tlie probabilities of living 
i>2, 3, ^c. years, are to one another, as 
the terms of an arithmetic progreffion j or 
that the decrements of life, from year to 
year, are all equal one to another. 



CO- 
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COROLLARY VI. 



But, let the probaBility of life be what it 
will, the required value may be always de- 
termined by help of a table of obferva- 
tions, and the general expreffion foregoing j 
for let the number of the livingjCorrefponding 
to the age of A, in the table, be reprefen- 
ted by ^ and thofe anfwering to the next 

fucceeding ages, in tl e table^ by ^ ^ Gff. 
relpedlively j and^ in like manner, let the 
number of the living, anfwering to the age of 
be reprefented by R, and thofe anfwer- 
ing to the next fucceeding ages, by R, A, R,’ 
Gfc. Sfc. then the probability, that 
the life A continues i, 2, 3, Gfr. years^ 

being and that of the 

life B, continuing i, 2, 3, ^c. yearSj’ 



it " S 

equal to-^, &c. &c. we (hall, by 

fubftituting thefe feveral values, inftead of . 
it, i, &c. /, j(, &c. in the general 

exoreffion have 

expremon, nave ^ -i- -i- 

III m M ■ ifi. 

i;>Q.RS,t!f(.’ “ (JTTSTS^ r ~ 

X I' If m mm , , 

— • -h — ■ &c. equal to the Va- 



lue of the annuity. 



D 
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COROLLARY VII. 

« Hence, if '•the value (P) of the joint 
lives. A, B, C, be given, or once computed, 
the value (K) of the next younger lives, 

A, B, C, whofe ages are, each, refpec- 

tively, one year lefs than thofe of A, B, 

C, Gfc. may be eafily derived j for let 

S, ^c. be the numbers found in 
7 ^ II 

the table of obfervations, againft thofe next 
.younger ages ; then, for the very fame rea- 

/ / / ff n It , 

f . .1. . Q R s, . Q R S, ; 

fons that r‘Q_R s,&c.* — 

to /I- -H Q-R I Q-R Sf /’<?/' Kp 

P , mall ,.QRS, ijff. + r‘QR S, ^ 



1 1 1 



I 1 1 



K: Wherefore, multiplymg the former 
equation by Qj^ S, &c. and the latter by 
rQRS, &c. and, taking one from the 

other, we have Qk S, Gfc. = rKQR 

Ill 

— PQRS, &c. and confequently K = 

l4^xQRS,yf. V ^RA^ 

i-t-r 

Ill III 



COROLLARY VIII. 

Laftly, from Coroll. IV, V, and the 
given value (P) of the joint lives A, B, C, 
&c. the value of an annuity upon an equal 

number 
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number of other joint lives A, B, C, 
relped:ively, younger than the former, by 
any number of years, during which, the 
decrements of life may be edeemed equal, 
may be readily determined. Let j be the 
propofed number of years, or the common 

difference between ti e ages of A and A, 

B and B, C and C, Gfc. and ’w (^= j 

the prefent value of i L, due at the end of 
s years j let the number anfwering to each 
of tlie ages A, B, &c. be taken from the 
table of obfervations, and divided by the 
preceding decrement, and let the quotients 
(w, «, &c.) be confidered as the comple- 
ments of thofe ages, to the extremity of 
old age, and let (S) the value of an an- 
nuity, anfwering to thofe complements, 
by Coroll. V. be accordingly found. 

Moreover, having added s to each of the 
laid quotients, and taken the fums 
n-hs, &c.) thence arifing, as the comple- 
ments of the ages, A, B, C, &c^ to the extre- 
mity of old age, let (T) the value of an 
annuity anfwering to thefe complements, 
in the fame manna*, be alio found. Then 
it will follow, from what has been laid 
down in the forementioned Corollaries, that 

f+P=Ts X -. """ - f i ?"- .. wUl «pre6 tb? 

D 2 value 
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value of an annuity upon the joint iives,^ 

A, B, C, Gfc. 

Thefe two laft Corollaries will be found 
very ufeful, in computing tables for the 
valuation of annuities upon one iingle life^ 
or 2, 3 , or more Joint lives^ as Mducible 
from real obfervations } and I have infilled 
more largely on this propofition, becaufe 
the mod intricate queftions in the fubje£l, 
may be referred to it, and readily folved by 
help of tables fo computed; as, in the 
fucceeding propofitions, will be made to 
appear. 

PROBLEM II. 

^he fame things being given as in the laft 
Propojition j to Jim the value of an an- 
nuity ^ granted upon any number of aftign- 
ed lives, that is, to continue as long as the 
kngeft of them is in being. 

sb LUX I O N. 

Let cve^ thing he fuppofed as in the 
preceding problem j then fince the probabi- 
lity that the life A, B, or C, (Sc. fails the 
firft year, is exprefs’d by i — a, i — h, or 
I--C, f^c. relpedtively, the probal^ility pf 
all the lives. A, C, (Sc. failing the firil 

year. 
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year, will be cxprefs’d by i — a x i-—h x 
i — &c. (per Lemma) therefore that 
of fome one or more of them, furviving 
the fi rft year, will be i — i — 

1 — Cy &c. In like manner, it will appear, 
that the probability of fome one or more 
of the l ives, f u rviving the fecond year, will 

’be I — I — tfxi — /, &c. &c. Therefore, 
if thefe feveral probabilities be refpedtively 
multiply'd into the terms of the geometric 

feries -i, -L, &c. expreffing the prefent 

value of I L certain, to be received at 
the end of I, 2, 3, &c. years, the pro- 
dudls thence arifing, will refpedtively ex- 
hibit the prefent values of the ift, 2d, 
3d, &c. year’s rents, upon the contingency 
of fome one or more of the lives furviving 
the I ft, 2d, 3d, &c. years j the fum of all 



which produils, ori+ (Sc. 

* — « X I — i.tct, I—— X I— I>^ X I— 

I - 



M 






, is therefore the value of the 



annuity. qjE. I. 



COi 
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COROLLARY I. 

Hence, if the lives be all equal, and their 
number be reprefented by j,thcn a bCy &c. be- 
coming equal to each other,the value of the an- 
nuity will be expreffible by ^-1-^-1-^, &c. 




COROLLARY II. 



Since the value of the annuity, con^- 
verted to Ample terms, is 






ah 

r 






a c 

r 

/ / 
a c 






ahi 



\hd 



efr. 



' L ' 

abc 



/ / t 

abd 



r- 

* K n H M n n II ii n 



&c. 



&C.&C, &C. &C. &C. &C. 

where, according to the laft prqpofition, 
the firft collateral column expreffes the va- 
lue of an annuity for the Angle life Aj 
the fecond, the like for the Angle life B j 
the third and fourth, for the joint lives 
A B and A C, &c. &c. it follows, that 
the value of an annuity, to continue as 

long 

1 
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long as any one of the lives A, B, C, D, &c. 
is in being, is equal to the fum of the va- 
lues of all the fingle lives, lejs the values 
of all the joint lives, combined two and 
two, more the values of all the yo/W lives, 
combined three and three, lefs the values 
of all the joint lives, combined four and 
four, and fo on. Therefore, when the 
values of the joint lives are given, the va-^ 
lue of an annuity upon the longeft life, 
will from hence, be likewife given. 



COROLLARY III. 



But when the lives are all equal, the 
values of every 2, or 3, ^c. joint lives, 
will likewile be equal ; therefore, if the 
value of each Bngle life be reprefented by 

H, that of each two joint lives by H, that 

of each three joint lives by H, the va- 
lues of all the Jingle lives, being s in num- 
ber, will be =s r H, and the values ©f all 
the jomt lives, combn|ed two and two, 

2= r X H, ^c. Whence it is manifeft. 



that the value of the longeft life, in this 
cafe, will be j if 



-2 

-H- 



* i — I I 

-ii— X 

t J— 1 3rr t ^ * — * 

7X— X — X— H+-X — X 




X ‘■=i H, &c. 



mt 
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COROLLARY IV. 



If the probabilities of continuing in being 
i» 2, 3, ^c. yearSj be expounded by the 
terms of an arithmetic progreffioni or the 
decrements of life from year to year^ be 
fuppofed equal (as in Coroll. IV. and V. 
ot the laft Propofition) and \S mnpy 
be refpe<SHvely put for the numbers of 
years between the feveral ages A, B, C, ; 
and the extremity of old agCj and M N Pi 
&c. be taken to reprefent the prefent values 
of an annuity certain for tnofe numbers 
of years, and v that of the annuity for 
ever j then will the value of one life A be 

equal to*u — v-^ ^ ^ ^ 

equal to*u — xM-f-N — 2v-J-2*u-|-i 



of three lives A, B, C, = x 

^ * */ 

~ 1' - . — M v4»i 

m-\rv -f-2 -h 3 *u -f- 3 X 2 V X — — 



•P 



2«H-ot + 6‘u-J-3j Gfr. which values, 
therefore, when the lives A, B, &c. arc all 

equal, will become 'u-'y-f- 1 x^, v — 
X 2 m-i- 2 v-+’i X — — 2 V, and V — 



^ xm-h I X 3ot-+-6«uH-6‘u>-J-ix-^ 



3 ‘»X>i>4** X0I+2V+I 



, refpe6:ively. 



Note; 
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Note. When the propofed lives are .un- 
equal, or of different ages, A is to be taken 
as the oldeft of them, B as the next oldeft,, 
and fo on. 

PROBLEM III. 

*To find the value of an annuity granted upon 
aiy number^ n, of lives^ A B, C, &c. 
but fo as to continue only as long as a 
given number, m, of them are in being. ' 

SOLUTION. 

Let P be the value of all the joint lives,^ 
A, B, C, Qfc. that is, the value of an an- 
nuity, for as long as they fhall all continue 
in being together} and let Q_be the fum 
of the values of all the joint lives that can 
arife, by combining A, B, C, &c. fo as to 
leave out one life at each combination, and 
R, the fum of the values of all tht joint 
lives, that can arife by combining the lame, 
fo as to leave out two lives at each combi- 
nation, ^c. &c. Then will 



E 



Px 



jT 
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&c. 



be the value of the annuity required; 
where the firft feries is to be continued to 
as many terms, as there are units in «-t-i 
; the fecond to as many terms, as the 
firft all but one ; the third to as many as 
the fecond, all but one, and fo on. 

COROLLARY. 

Hence it appears, that the vahie of an 
annuity, to ceafe upon the failing of the 
firft life, wi ll be P ; upon the failing of the 
fecond life, i — x P-I-Q^upon failing of 

the third life, i — n+n x ^ P-f-2 

H- R ; and upo n failing of the fourth 

life, I — X « X X -j- X P 

H-2 — «-4- ^ X “ xCL+S — 

^ PRO- 
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PROBLEM IV. 

*Tp find the value of the reverfion ,pf the 
imgefi of any number of Jives ^ .A>iB, C, 
ajter the longefi of any number of other 
lives, P, Q^R. 

SOLUTION. 

From the value of all the lives,.A, B, C, 
P, Qi_R, fubtradt the value of the lives, 
P, c^R, in poffeflion j the remainder will 
be the value of , the reverfion. 

The truth of this Solution is almoR fQl& 
evident j for the excefs of the value of 
the lives, above that of the lives in 
.fefiion, is equal to the fum that oiight to 
be paid, for .the chance pf enjoying the. an- 
..nuity after the deceafe of theie laft lives j 
and ,fo muR be the true .value of the jcevtiiTo 
Ron. 

PROBLEl^ y. 

fto find the yafue of the rraerfion ff ^ 
number of joint lives', A,^,C,afteriar^ 
number joint lives, P, " 

£ 2 S 0« 
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SOLUTION. 

From the value of the joint lives in rc- 
verfion, fubt adt the value of all the joint 
lives, and there will remain the value of 
the reverfion. 



DEMONSTRATION. 

Let the right of the reverfion, or all the 
rents that may happen to arife from the an- 
nuity, during the joint continuance of 
A, B, C, after one of the lives P, Q^^R, in 
pofleffion, is extindt, belong entirely to one 
perfon K, and his heirs; and let him be 
admitted into immediate pofleffion of the 
annuity, for the joint lives, A, B, C, upon 
condition that he or his heirs ffiall pay back 
the rent thereof, till fuch time as it becomes 
his or their own proper right. This being 
premifed, it will appear, that as long as all 
the lives. A, B, C, P, Q>^ R, are in be- 
ing, and no longer, ought K, or his heirs, 
to pay back the rents of the annuity; for 
jfirft he ought to pay, while A, B, C, P, (^R, 
are all in being, becaufe all this time he re- 
ceives the re/jt o/ an annuity, to which he 
has no right"; but fecondly, he ought not 
to pay Mter the deceafe of any of the 



Digitized by Coogle 



Annuities upon Lives. 29 

lives, P, Q:_R, fince whatever he may hap- 
pen to receive afterwards, is his own juft 
property ; nor ought he to pay after the de- 
cease of any of the lives, A, B, C, becaufc 
then he is wholly exempted from all fur- 
ther benefit arifing from the annuity. 
Therefore, feeing the value of all the 
rents that K and his heirs may happen to 
' pay, is the fame as the value of all the 
joint lives, A, B, C, P, Qi^R, and the va- 
lue of all that they may receive, or the 
whole produce of the annuity, the fame as 
that of the joint lives, A, B, C, the Solution 
is manifeft. 

Otherwife, 

Let the probabilities of the life A, con- 
tinuing I, 2, 3, &c. years, be denoted by 

a, tf, Uy &c. and thofe of the life continu- 
ing I, 2, 3, Gfc. years, by by i, re-. ' 

fpedlively, Gfc. In like manner, let the 
probabilities of the life P, continuing i, 

2, 3, &Cy years, be denoted by/, &c. 
and thofe of the life CLfontinuing 1,2,3, 

&c. years, by qy qy &c. let the annuity • 
be I L, and m be the amount of 1 L in 
one year, viz. principal and intereft. Now, 
the expedlation of A, B, C, upon the firft 
year’s rent, depends upon thefc two events ; 
firft, that they all continue in being till the 
end of that year , and fecondly, ^t fome 

’ one. 



✓ 
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one, at leaft, of the other lives, P, Q»Jl, 
feils before that time: Wherefore, feeing 
.the probability of the former is abCy and 
that of the latter ir— />yr, the probability 
.that both happen, or that A, B, C, fliall 
receive t he firft year's rent, will oe abc% 

I — -pqr, or abc — abcpqr-y this, therefore, 

multiply 'd into the prefent value of i L, 

due at the end of one year, gives ' 
for the true value of the 

tn m 



cxpedation of A, B, C, upon the firft year’s 
rent j and by the very fame way of reafon- 
ing, the expedition of A, B, C, on the 
2d, 3d, Gfc. year’s rents, will appear to be 



til 1 1 1 1 1 I II It II II II II II im 

mi< abepqr aoe abcfqr 

■jn* 4B* * /»> M> * 



. refpec- 



tbrcly ; the fum of all which, or 




.III H9H III III II II II II tm 

*bc y*hc 0 ( 3 . abcfqr abepqr abcfqr 

" -m' ' «•* * ' m m* * 

eCfr. is, therefore the total value of the re- 
veurfion j and this, from Problem I, appears 
to be equal to the value of the joint lives, 
A, B, C, lefs the value of all the joint 
dives. A, B, C, 'P, Q, R, as was to be 
frvised. 



PRO- 
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PROBLEM VI. 

find the value of the reverfion of anf 
number of joint livei^ A, B, C, after the 
longeft of ajty number of other lives, 
P, QjJl. 

SOLUTION. 

Let b Cy &c. be as in the laft Pro- 
blem : Then, becaufe the probability of all 
the lives. A, B, C, continuing till the end 
the firft year, is ^ and that of ^1 the 
other lives, P, Qr R, failing before that 

tiftle, I — f X I — q X the probability' 

Aat hath thdfe events happen, or that 
A‘, B, C, receive the firft year’s rent, will 
^y the preceding Lemma) be abe x, 

t— ^ X 1 — q X 1 — r i this therefore multi- 
plied byL, the prefent value of i L ccr-* 
teih, to be received at the end of one 
year, gives f ^ for the true 

tfi 

value of the expedlation of A, B, G, upoft 
the firft year’s rent, allowkjg for difeount, 
and all contingencies. After the very fame 
manner it will appear, that the value of the 
ej^dtation of A, B, C, on the 2d, 3d, &c, 

year’s 
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/ / y 



year’s rents, will be i— i— yx i— 

» li ' tf* F 

^ ^ ^ refpedUvely. 

Therefore the. fum of thefe values, or 



! t / 



mh cK. 1— 1 — f X I — r , a b e X l — pX I — qX I — r 





// « V It // M 

, X I— I— ?X I— r , , 

H — , Grc. IS the whole 

value of the reverfion. Q;JE. I, 



COROLLARY. 

If the laft general exprelfion be reduced 
to Ample terms, and compared with that 
in Problem I. it will appear that the va- 
lue of the reverfion, of any number of 
joint lives A, B, C, after the longeft of any 
number of lives, P, Qj^R, is equal to the 
value of all the joint lives A, B, C, left 
the values of all the joint lives arifing from 
combining (at each combination) all the 
lives A, B, C, with each one of the other ; 
more the values of all the joint lives, 
arifing from combining all the lives A, B, C, 
with each tioo of the other; left the va- 
lues of all the joint lives, arifing from com- 
bining all the lives A, B, C, with each 
three of the other, and lb on. 

PRO- 
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PROBLEM VII. 

Jind the value of the reverfon of the 
longeji of any number of lives A, B, C, 

- after any number of joint lives^ P, Qj_R, 

SOLUTION. 

^ Let »7, <7, ^c. be ftill 

as in the preceding propolitions. There- 
fore, feeing the probability that one or 
more of the lives P, Qj_R, fails the firft 
year, is exprefs’d by i— and that of ’ 
one of the lives A, B, C, at leaft, furviv- 

ing the firft year, by i — i — a x i — b x 7^, 
the probability that thefe laft A, B, C, 
receive the firft year’s rent, will be 

\j—pqr X I — I — a x i — b x i — c, and con- * 
feqiiently the value of their expe<ftation on» 

that year’s rent, 1 — -pqr x 



1 “ I— »«X l—b% I- 



or 



I— 1 — aX 1 — b% 1 — c /frx I — 1— «X1— ^XI— f 
m m ' 

And, from the very fame way of reafoning, • 
the Value of their expeftation on the ad, ^ 
3d, &c. year’s rents, will appear to be 

' / i III ! I ) 

*— .1 — « X I— » X t—c ffrx 1 — 1 — aX 1 — 6x I— f ^ j 

1 — 



• 1 — aX 
m* 
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H II H HU H H It H 

I— l--^X I — c pji'^ * — » — *X l~-gX 1 — e 

m* ^ m* * 

fife. Therefore the Aim all thefe, or 



1 — I — « X I — k X *- 



I — I — a X t 



' -4 



X I- 






II H It — — — y = 

I_I — — »xi — f ^rx 1 — 1.— ^X I— c 









m 



III I I ^ > 

^ qr y. I — I aX I— »gX ^ 



M II II II H , II 

^y^xi— I— a x i~^x »TTi mull be die 

tptal, value of the reverfion. Q;_E. I. 



COROLLARY. 



Hence, becaufe it appears from the 
preceding problems, that the firft feries. 



t — 1-^X1 — ^X-Jr 









»X 



.-4 



X I— c 






&C. 



expreffes the value of the longeft of the 
liy« A, B, C, and that the fecond 



I— (reduced to 

Ample terms) is equal to the values of 
all the joint lives arlAng from combining, at. 
e^h combination, all the lives ?, Qi^R, with, 
each one^ of the , other, it follows, that^ 
the v^ue of the reverAon of any number 

of 
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of lives A, B, C, after any number of joint 
lives, P, CL is equal to the value of the 
lives A, B, C j lefs the values of all the 
joint lives, arifing from the combination 
of all the lives, in poffeflion with each one 
of the other ; more the values of all the 
joint lives, arifing from the combination of 
all the liyes, in poflTeflion with each two of 
the other ; lefs the values of all the joint 
lives, arifing from the combination of all 
the lives, in polTcflaon with each three of 
the other, and fo on. 



F2 tables 



Digitized by Coogle 




TAB L E S 

For the VALUATION of 

f • * 

• t 

I » 

ANNUITIES, 

! • - 1 

Upon One, Two, or Three 

LIVE Sj ii 

Deduced from ten Years Observations ' 
^ the Bills of Mortality of ,the 

City of LONDON, , , 



Digitized by Coogle 




38 Of the Valuation of 



TABLE I. 

For the Valuation of Annuities upon one 
Life. 





Year’s 


Year’s 


Year’s 




Year’s 


Year’s 


Year’s 


> 


Piuxh. 


Porch. 


Porch. 


:> 


Porch. 


Porch. 


Porch. 


n 


at5/rf 




mm 




at 5/w 


zt^ptr 


at 3 per 




ctni. 


SI 


m 




tent. 


cent. 


cent. 


6 


14. 1 


16.2 


18.8 


21 


12.9 


14.7 


17.0 


7 


14.2 


16.3 


18.9 


22 


12.7 


145 


16.8 


8 


H -3 


16.4 


19.0 


23 


12.6 


H -3 


16.5 


9 


H -3 


16.4 


19.0 


24 


12.4 


14.1 


16.3 


10 


14-3 


164 


19.0 


25 


12.3 


14.0 


16.I 


11 


^143 


16.4 


19.0 


26 


12.1 


13.8 


* 5-9 


12 


14.2 


16.'^ 


18.9 


27 


12.0 


13.6 


15.6 


13 


14. 1 


16.2 


18.7 


28 


1 1.8 


134 


154 


*4 


14.0 


16.0 


184 


29 


1 1.7 


13.2 


15.2 


15 


13*9 


15.8 


18.3 


30 


1 1.6 


13-1 


15.0 


<6 


137 


15.6 


18.1 


31 


11.4 


12.9 


14.8 




> 3*5 


154 


17.9 


32 


11*3 


12.7 


14.6 


18 


* 3-4 


15.2 


17.6 


33 


II. 2 


12.6 


14.4 


19 


132 


1^ 


17.4 


34 


II.O 


12.4 


14.2 


20 


130 


m 


17.2 


35 


10.9 


12.3 


14. 1 
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Annmties upm Lwcs. 59 



Year’s! 


Year’s 


Year’s 




Year’s I 


Year’s f 


Year’s 1 


Purch. 1 


Purch. 


Purch. 




Purch. ' 


Purch. ! 


Purch. 1 


at 5 /rr at 4^ 


at 


•8 




ctnt. 


ctnt. 


cent. 




cent. 


cent. 


ctnt. 


10.8 


12. 1 


13-9 


56 


8.4 


9.1 


lO.I 


10.6 


11.9 


ri 3*7 


57 


8.2 


8.9 


9.9 


10.5 


n.8 


i= 3 -F 5 » 


8.1 


8.7 


9.6 


10.4 


1 1.6 


I 3-3 


59 


8.0 


8.6 


94 


rO.3 


1 1.5 


> 3-2 


60 


' 7-9 


: 8.4 


9.2 


lO.Z 


.11.4 


.13.0 


61 


7-7 


8.2 


. 8.9 


10. 1 


.11.2 


12.8162! 


7-6 


8.1 


; 8.7 


lO.O 


11. 1 


12.6 


63 


. 7-4 


7*9 


! 8.5 


9.9 


11.0 


12.5 


64 


7-3 


J 7-7 


1 8.3 


. 9 *^ 


10.8 


12.3 


65 


‘ 7-1 


; 7 r 5 


8.0; 


9.7 


.10.7 


12.1 


66 


’ 6.9 


' 7-3 


7.8' 


9-5 


10.5 


1 1.9 67 


6.7 


' 7-1 


7.6 


9,4 


10.4 


1 1.8 


68 


6^ 


6.9 


74 


9-3 


10.2 


.11.6 69 


' 6*4 


6.7 


.7.1 


9.2 


10. 1 


51 1.4 70 


. 6.2 


6.5 


I 6.9! 


9.0 


9.9 


II. 2 ’ 


7 * 


6.0 


6.3 


6.7 


8.9 


9.8 


ri.o 


72 


■S.8 


6:1 


.6.5 


8*8 


9.6 


10.7 


73 


5 - 6 ^ 


5*9 


6.2 


8.6 


9.4 


10.5 


74 


54 


5*6 


' 5-9 


8-5 


> 9-3 


10.3 


75 


5-2 


54 


t 5.6 
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40 



Of the Valuation of 



TABLE II. 

4 • • 

For the the Valuation of Annuities upon 
/u’o joint Li VES. 



s 

s 

a 

> 

‘S 


Year’s 
Purch. 
at 5 /rr 
cent. 


Year’s 

Purch. 

at4^rr 

cent. 


Year’s 
IPurch. 
'at 3 fer 
cent. 


MeanAge. 


Year’s 

Purch. 

zx^per 

cent. 


Year’s 
Purch. 
at 4 pet 
cent. 


Year’s 
Purch. 
■ex 1 per 
cent. 


6 

7 

8 

9 

iO 


1 1-3 
1 1-5 
1 1.6 
1 1.6 
1 1.6 


12.7 

12.9 

13.0 

13.0 


14.4 

14.6 

14.7 
14.7 
14.7 


21 

22 

23 

24 

25 


lO.O 

9.8 

97 

9-5 

9.4 


II . 2 
II.O 
10.8 
10.6 
10.5 


12.6 
12.4 
12.2 
12.0 
II. 8 


t 

11 

12 

13 

*5 


1 1.4 
11;3 
1 1,2 
II.O 


12.9 

12.8 

12.7 

I2.C 

12.3 


14.6 

H -5 
i 4’3 
14. 1 

139 


26 

27 

28 

29 

30 


9.2 

9.1 

8.9 

8.8 

8.6 


10.3 
10. 1 
9.9 
9.8 
9.6 


1 1.6 
1 1.4 

II. 2 
I I.O 
10.8 


{s 

19 

20 


io;8 

10.7 

10-5 

10.^ 

10.1 


12,1 
1 1.9 
1 1.7 

”•5 

“•3 


137 

i 3‘5 

13.2 

13.0 

12.8 


3* 

32 

33 

34 

35 


8.3 

8.2 

8.1 

8.0 


9.4 

9.2 

9.1 

8.9 

8.8 


10.6 

10.4 

10.2 

lO.O 

9.9 
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' Annuities upon Lives, 41 



s 


year’s 


Year’s i 


Year’s 


s: 


Year’s 


Year’s 


Year’s 


s 


Purch. 


Purch. i 


Purch. 


pT 


Purch. 


Purch. 


Purch. 


> 


at 5 per 


at 4 per 


at 3 per 


> 


at 5 per 


at 4 per 


at 3 per 




cent. 


cent. 


cent. 


'S 


tent. 


cent. 


cent. 


36 


7.8 


8.6 


9-7 


56 


5-6 


6.1 


67 


37 


7.6 


8.4 


9-5 




5-5 


6.0 


6.6 


38 


7-5 


8-3 


9-3 


58 


5-4 


5-8 


6.4 


39 


7-4 


8.2 


9.2 


59 


5-3 


57 


6.3 


40 


7-3 


8.1 


9.1 


60 


5-2 


S.6 


6.1 


41 


7.2 


8.0 


8.9 


61 


5-1 


5-5 


6.0 


42 


7 -* 


7.8 


8.- 


62 


5-0 


5.4 


5-9 


43 


7.0 


7*7 


8.6 


^3 


4.9 


5-3 


57 


44 


6.9 


7.6 


8.5 


64 


4.8 


5-1 


5*5 


45 


6.7 


7-4 


8.3 


65 


47 


5-0 


5-4 


46 


6.6 


7-3 


8.2 


66 


4.6 


4.9 


5*3 


47 


6-5 


. 7-2 


8.1 


67 


4-5 


4 >S 


5 *» 


4" 


6.4 


7-1 


7-9 


68 


4.4 


4.6 


4-9 


49 


6-3 




7.8 


69 


4-3 


4-5 


4.8 


50 


6,2 


6.8 


7.6 


70 


4.2 


4.4 


4.6 


5 » 


6.1 


6.7 


7-4 


71 


4.1 


4-3 


4-5 


52 


6.0 


6.6 


7-3 


72 


3-9 


4.1 


4 - 3 ' 


53 


5*9 


6.5 


7.2 


73 


3-8 


4.0 


4.2 


54 


5.8 


6-3 


7.0 


74 


37 


3-8 


4.0 


55 


5-7 


6.2 


6.9 


75 


3-6 


37 


3-8 



G 
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42 Of VaLU A T.ION 6f 



TABLE III. 

I 

For the Valuation' of Annuities upon the 
longejl of two Lives. 



2 


Year’s 


Year’s .Year’s 


2 


Year’s 


{ ear’s 


Year’s 


§ 


Purch. 


Purch. 


Piu-ch. 




Purch. 


'utch. 


Purch. 


> 


at 


at 4 per at 3 per 


> 


It ^_ pe > 


It 4 per 


at3/rr 




cent . 


tent . 


cent . 


*3 


cent . 


ent . 


cent . 


6 


16.9 


197 


23-3 


2 1 


15.6 


18.2 


21.3 


7 


17.0 


19.8 


234 


22 


»54 


18.0 


21.1 


8 


I7.I 


19.9 


234 


23 


15-3 


17.8 


20.8 


9 


17. 1 


19.9 


234 


24 


15-1 


17.6 


20.6 


lO 


17.1 


.» 9-9 


23-5 


25 


15.0 


17.4 


20.3 


1 1 


17.1 


199 


23-5 


26 


14.9 


17’3 


20.1 


12 


17.0 


19.8 


234 


27 


14.7 


I7.I 


19.9 


13 


16.9 


19.7 


23-3 


28 


14.6 


16.9 


19.7 


14 


16.7 


‘ 9-5 


23.1 


29 


H -5 


16.8 


19-5 




16.6 


19-3 


22.9 


30 


144 


16.6 


19-3 


16 


16.4 


19.1 


22.6 


31 


14.2 


16.4 


19. 1 


17 


16.2 


18^ 


22.4 


32 


14.1 


16.2 


18.9 


18 


16.1 




22.1 


33 


14.0 


16. 1 


1^ 


;i 9 


15-9 




21.9 


3 ^ 


0-9 


15-9 


18.5 


20 


» 5-7 


18.3 


21.6 


35 


|i3.8 


15.8 


18.3 
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Annuities upon Lives. 43 



Year’s 


Year’s 


Year’s 




Year’s 


Year’s 


Year’s 


Purch. 


Purch 


Purch. 


s 


Purch. 


Purch. 


Purch. 


at 5 fer 


at 4 ptr 


at 3 


> 


at 5 


at 4 /er 


at 3 per 


cent. 


cent. 


cent. 


0 


cent. 


cent. 


cent. 


137 


15.6 


18. I 


56 


1 1.2 


12. 1 


134 


13.6 


‘ 5-5 


17.9 


57 


I I.O 


11.9 


137 


13-5 


15-3 


17.7 


58 


10.9 


1 1.7. 


12.8 


I34 


J 5-2 


* 7-5 


59 


10.7 


”•5 


12.5 


; 3-3 


15-0 


17-3 


.0 


10.5 


1 1.2 


12.2 


13.2 


14.9 


17.0 


61 


10.3 


I I.O 


12.0 


i 3 -» 


H 7 


16.8 


62 


lO.I 


10.8 


1 1.7 


13.0 


H -5 


16.5 


63 


9.9 


10.5 


1 1.4 


12.9 


H -3 


16.3 


64 


9-7 


10.3 


II. J 


12.8 


14.2 


16.1 


65 


9.4 


10. 0 


10.8 


12.6 


14.0 


15'. 8 


66 


9.2 


9-7 


10.5 


12.5 


13.8 


15.6 


67 


8-9 


9.4 


10.2 


12.4 


13.6 


15-3 


68 


f -7 


9.2 


9.9 


12.2 


« 3*4 


75-1 


69 


8.5 


8.9 


9-5 


12. 1 


13*3 


14.9 


70 


8.2 


8.6 


9.2 


1 1.9 


13 * 


14.6 


7 * 


8.0 


8.4 


8.9 


1 1.8 


12.9 


14.4 


72 


7-7 


8.1 


8.6 


1 1.6 


12.7 


14.1 


73 


7*5 


7.8 


8.2 


”•5 


12.5 


739 


74 


7.2 


7-5 


7*9 


11.3 


12.3 


13.6 


75 


6.9 


7.2 


7.6 



G 2 
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TABLE III. 

/ 

For the Valuation' of Annuities upon the 
longejl of two Lives. 



s 


Year’s 


Year’s > 


Year’s 




Year’s 


{ ear’s 


Year’s 




Purch. 


Purch. 


Piu-ch. 




Purch. 


*urch. 


Purch. 


> 


at ^_ptr 


at 4 per at 3 per^ 


> 


It ^Je> 


It 4 per 


at 3 per 




cent. 


cent. ' 
1 


cent. 




cent. 


ent. 


cent. 


6 


16.9 


19.7 


23-3 


21 


15.6 


18.2 


21.3 


7 


17.0 


19.8 


234 


22 


154 


i8.o 


21. 1 


8 


I7.I 


19.9 


234 


23 


15-3 


17.8 


20.8 


9 


I7.I 


19.9 


234 


24 


I 5 -I 


17.6 


20.6 


lO 


17.1 


.‘ 9*9 


23-5 


25 


15.0 


17.4 


20.3 


1 1 


17.1 


19.9 


23-5 


26 


14.9 


17-3 


20.1 


12 


17.0 


19.8 


234 


27 


14.7 


I7.I 


19.9 


13 


16.9 


19.7 


23-3 


28 


14.6 


16.9 


19.7 


14 


16.7 


‘ 9-5 


23.1 


29 


H -5 


16.8 


19.5 


15 


16.6 


19-3 


22.9 


30 


144 


16.6 


19-3 


16 


16.4 


19.1 


22.6 


31 


14.2 


16.4 


19. 1 


‘7 


16,2 


18.9 


22.4 


32 


14.1 


16.2 


18.9 


18 


16.1 




22.1 


33 


14.0 


16. 1 




;I 9 


15-9 




21.9 


3 ^ 


0-9 


^ 5-9 


18.5 


20 


‘ 5-7 


18.3 


21.6 


35 


13.8 


15.8 


18.3 
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Annuities upon Lives. 43 



> 



n 



36' 

37; 






39 

40 



41 

42 

43 

44 



I46 

•7 

.8 



Year’s 
Purch. 
at 5 ^er 
cent. 


Year’s 
Purch 
at 4 per 
cent. 


Year’s 
Purch. 
at 3 per 
cent. 


0 

> 

'8 


Year’s 
Purch. 
at 5 
cent. 


Year’s 
Purch. 
at \per 
cent. 


Year’s 
Purch. 
it ^ per 
cent. 


< 


137 

13.6 

^ 3-5 

13-4 

13-3 


I5.C 

‘ 5-5 

«S -3 

15-2 

15.0 


18. I 

17.9 

17.7 

7*5 

17-3 


56 

57 

58 

59 
.0 


I 1.2 
I I.O 

10.9 

10.7 

rO.5 


12. 1 
II.9 

I 1 7. 

"•5 
1 1.2 


134 

13-1 

12.8 

12.5 

12.2 


13.2 

^ 3 -» 

13.0 

12.9 

12.8 


14.9 

14.7 

H -5 

14-3 

14.2 


17.0 
16.8 
16.5 
16.3 

16.1 


61 

62 

^3 

64 

65 


10.3 
10. 1 
9.9 

97 

9.4 


I I.O 
10.8 
10.5 
10.3 

lO.O 


12.0 
1 17 

1 1.4 
II. J 
10.8 


12.6 
12.5 
12.4 
12.2 
12. 1 


14.0 

13-8 

13.6 

> 3-4 

13-3 


i<.8 

15.6 

15-3 

14.9 


66 

67 

68 

69 

70 


9.2 
8.9 

»7 

8.5 

8.2 


97 

9.4 

9.2 

8.9 

8.6 


10.5 

10.2 

9.9 

9-5 

9.2 


1 1.9 
1 1.8 
1 1.6 

”•5 

II -3 


131 

12.9 

12.7 

12.5 

12.3 


14.6 
14.4 
14.1 

n *9 

13.6 


7 * 

72 

73 

74 

75 


8,0 

77 

7-5 

7.2 

6.9 


8.4 

8.1 
7.8 

7-5 

7.2 


8.9 

8.6 

8.2 

7-9 

7.6 



G 2 
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44 



Of ,thz Valuation of 



TABLE IV. 



For the Valuation of Annuities upon three 
joint Lives. 



s 


Year’s 


Year’s 


Year’s 


S 


Year’s 


Year’s 


Year’s 


i 


Purch. 


Purch. 


Purch. 


pi 


Purch. 


Purch 


Purch. 


> 


at 5 


at 


at 3 per 




at 5 per 


2X1^ per 


at 3 per 




cent. 


cent. 


cent. 




cent. 


cent. 


cent. 


6 


9-7 


10.6 


II.7 


21 


8.2 


9.0 


10. 0 


7 


9-9 


10.8 


11.9 


22 


8.1 


8.9 


9.8 


8 


1 0.0 


10.9 


12.0 


23 


7-9 


8.7 


9.6 


9 


lO.O 


10.9 


12.0 


24 


7-? 


I'S 


9.4 


lO 


lO.O 


10.9 


12.0 


25 


7.6 


^•3 


9.2 


II 


9.9 


10.8 


II . 9 


26 


7-4 


8.1 


9.0 


12 


9.8 


10.7 


II. 8 


27 


7-3 


8.0 


8.8 


13 


9.6 


10.5 


1 1.6 


28 


7-1 


7.8 


8.6 


H. 


9-5 


10.4 


II.4 


29 


7.0 


7-7 


8-5 




9-3 


10.2 

' 


1 1.2 


30 


6.8 


7-5 


^•3 


16 


9.2 


lO.O 


II.O 


31 


6.7 


7-4 


8.2 


17 


9.0 


9.8 


10.8 


32 


6.5 


7.2 


8.0 


18 


8.8 


9.6 


10.6 


33 


6.4 


7-1 


7-9 


19 


8.6 


9.4 


10.4 


34 


6.2 


6.9 


7-7 


20 


8.4 


9.2 


10.2 


35 


6.1 


6.8 


7.6 
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Year’s 'Year’s 


Year’s 




Year’s 


Year’s 


Year’.s 1 




Purch. 


Purch. 


Purch. 


s 


Purch. 


Purch. 'Purch. I 


> 


at ^ per zt 4.pe^ 


at 3 


> 


at ? at 4. at 3 per] 


• 


cent. 


cent. 


cent. 


% 


cent* 'cent. 


tent. 


36 


6.0 


6.7 


74 


56 


44 


47 


5-1 


37 


5-9 


•6.5 


7.2 


57 


4-3 


4.6 


5-0 


3^’ 




b.\ 


7-^ 


5« 


4.2 


4-5 


4.9 


39 


5-7 


6.3 


7.0 


59 


4.1 


44 


4.8 


40 


5-6 


6.2 


6.9 


5 o 


4.0 


4-3 


4.6 


41 


5*5 


6.1 


6.8 


61 


3-9 


4.2 


4-5 


42 


54 


6.0 


6.7 


62 


3-« 


4.1 


44 


43 


54 


5-9 


6.5 


63 


3-7 


4.0 


4-3 


44 


5-3 


5.8 


6.4 


64 


37 


3-9 


4.2 


45 


5-2 


5-7 


6.3 


65 


3-6 


3-8 


4.1 


46 


5-1 


5-6 


6.2 


66 


3-5 


' ' 

37 


3-2 


47 


5-0 


5-5 


6.1 


67 


34 


' 3-6 


3'^ 


48 


5-0 


54 


5-9 


68 


3-3 


3-5 


37 


49 


4.9 


5-3 


5-« 


69 


3-2 


34 


3*6 


50 


4.8 


5-2 


5*7 


70 


3-J 


3-2 


34 


5^ 


4-7 


5-1 


5-6 


7^ 


3-0 


3-1 


3-3 


52 


4-7 


5-1 


5-5 


72 


2.9 


3-0 


3-1 


53 


4.6 


5-0 


54 


73 


2.8 


2.9 


3-0 


54 


4.5 


4.9 


5-3 


74 


2.6 


2.7 


2.8 


55 


44 


4.8 


5-2 


75 


2.5 


2.6 


27 
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S Year’s Year’s Year’s S Year’s Year’s Year’s j 

S Parch. Parch. Parch. 8 Porch. Porch. Parch. 

> at 5^rrat 4/r/-at 3/rr :> at 5/rr at4^ at 3/rr 

cent. [cent, \cenf. \eent. [cent. cent. 





17.2 


19.9 56 


12.6 


77 


7-1 


15-0 


17,0 


197 57 


12.5 


7-5 


14.8 


14.9 


16.9 


19-5 58 


12.3 


7.2 


14-5 


14.8 16.7 


19*3 59 


12. 1 


12.9 


14. 1 


14.7 


16.6 


19. 1 


60 


1 1.9 


12.7 


13.8 


14.6 16.4 


18.9 61 


117 


12.5 


7/5 


14.5 


16.3 18.762 


1 1-5 


12.2 


7-1 


14.4 


16.2 


18.563 


“•3 


II. 9 


12.8 


14.3 


16.0 


18.2 


64 


II. 0 


II. 6 


12.5 


14.2 


15-9 


18.0 


65 


10.8 


1 1.4 


12.2 


14.1 


157 


17.7 66 


10.5 


II. I 


1 1.8 


13-9 


15-5 


7-5 67 


10.2 


10.8 


II -5 


13.8 


,15-3 


17.2 


68 


9.9 


10.5 


1 1.2 


137 




17.0 


69 


9.6 


10.2 


10.9 


13*5 


14.9 


16.7 


70 


9-3 


9.9 


10.5 


13-4 


14.7 


16.571 


9.0 


9.6 


10.2 


13.2 


H -5 


16.2 


72 


S -7 


9.2 


9.8 


13-1 


H -3 


15-973 


8.4 


8.9 


9-5 


12.9 


14. 1 


77 74 


8.1 


8.6 


9.1 


12.8 


13-9 


7-4 


75 | 


; 7-8 


8.2 


8.7 
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Here follow the pradical Solutions of 
fcveral Problems, depending on tlie fore- 
going tables. 

PROBLEM VIII. 

find the value of an annuity for aii 
aj)ig 7 ied life. 

SOLUTION. 

Look out the given age in table I. and 
againft it, towards the right-hand, under 
the p.'opofcd rate of intereft, will ftand the 
number of years purchafe, which an an- 
nuity upon that life is worth. 

EXAMPLE. 

Let the given age be 18 years, and the 
rate of intereft 4 per cent, then looking 
againft i8, under 4 per cent. I find 15.2, 
equal the number of years purchafe re- 
quired. 

PROBLEM IX. 

7 c find the value of an annuity upon two 
ajligned joint lives, 

SO- 
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SOLUTION. 

CASE i 

if the t'^vo lives be equal ; enter tab. II. 
with the common age, and againft it you 
will have the value required. 

CASE IIj 

If the given ages be unequal, but nei- 
ther of them'lefs than 25, nor greater than 
50 years; take half the mm of the two for 
a mean age, . and proceed as in Cafe I 

CASE III. 

If one or both ages be without the li- 
mits abovemention’d, but fo that the diffe- 
rence of the values correfponding to thofe 

ages, be hot rnore than ~ of the lelfer; 

let ^ of that difference be added to the 

10 

faid leffer value, and the fum will be the 
^alue fought. 



, * This and the fdlowing Solutions are fo contriv'd, as 
to be always depended on to lefs than ^ of a year’s pur* 
«hafe, as 1 (hall hereafter endeavour to make appear. 

H Gene- 



jT 
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Generally, 

Be the difference of the values whit 

it will, multiply it by the leflcr of the 

two values, dividing the produdt by the 
greater; then the quotient, added to the 
lefler value, will give the true anfwcr very- 
near. 

Examele of Case I. 

* 

Let the two given age§ be each 1 8, and 
intereft at 5 per cent, then m tab. II. againfl 
18, under 5 per cent.,ii 10.5 years pur- 
chafe. 



Example of Case H. 

In which the rate of intereft is fuppofed' 
as above, and one of the two ages 34, the 
other 48 i therefore the half mra of the 
ages is 42, againft which ibinds 7. I; 

Example of Case III. 

Wher^ one age is fuppofed to be 15 
years, the other 29; here againft 15 years 
will be found ii.o, and againft 29, 8.8, 
the difference of which two yalues is 2.2, 

and 
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and ^ thereof, equal to 0.88; this there- 
fore, added to 8.8, gives 9.68, or 9.7, for 
the anfwer. ' 

Example of Case IV. 

Let the rate of ihtereil be 4 per cent, and 
one age 1 1 years, the other 68. The values 
correfponding to thefe ages, are 12.9. and 
4.6y their difference is 8.3, which mul- 
tiply’d by 2.3. will be 19.09* this divided 
by 12.9, quotes 1.5, which therefore, ad- 
ded to 4.6, the Icffer value, gives 6.1, 
equal the value ibught. > 

PROBLEM X. 

Ti find the value of an annuity upon two 
lives^ that ;V, to continue as long as either 
of them^t in being. 

SOLUTION, 

CASE I, 

If the lives be equal, find the given age 
in tab. III. and againff it, under the pro-, 
w)fed rate of intereft, will be tl^ num*^ 
||er of years purchafe required. 

U ? CASE 
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CASE II. 

If both ages be between 25 and 50, take 
half their fum for a mean age^ and pro- 
ceed as in Cafe I. . 

•> 

CASE III. 

If one or both ages be without the li- 
mits mentioned in the laft cafe, but the 
difference of values correfponding to thofe 
ages, as found in tab. Ill, be not more 

than -E part of the lefler ; take half the 

fum of thofe values for the value required. 

Generally, 

Let the given ages be what they will, 
find the value of the two joint lives 
Cafe IV. Prob. IX. which fubtradt from 
the fum of the values of tiic two fin- 
gle lives, and there 'will remain the re- 
quired value of an annuity upon the longefl 
life. 

Example of Case I, 

Wlierein tlie two given age? are each 
fuppofed 50 years, and the rate of interefl 
4 fer cent. Here againft .50 yea^s,. ih 

• “ ■ tab. 
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tab. Ill, under 4 per cent, ftands 13.3, 
fhcwing the number of years purchafc, 
which an annuity is worth for two fuch 
lives. 



' Example of Case II. 

Suppofe onp age 30 years, and the other 
46 ; then, the half fum of the ages will be 
38, anfwering to which, \xnditr per cent. 
ftands 15.3- 

Examele of Case III. 

Let the two propofed ages be 6, and 21 
years; then againft 8 years will be 19.7, 
and againft 21, 18,2, the half fum where- 
of, is 18,95, equal to the number of years 
purchafe required. 

Example 0/' Case IV. 

Let one age be 1 1 years, thp other 68, 
and the rate of intereft as in the preceding 
examples. Then the value of the two 
joint lives, by Cafe IV. of the laft Pro- 
blem, will be found 6.1, and the values of 
the fingle lives, by Problem VIII. equal to 
16.3, and 6.7, the fum of which two, de- 
creafed by 6.1, is 16.9, equal to the value 
required. 

2 PRO- 
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PROBLEM XL 

T# Jind the value of an annuity upon three 
joint lives. 

SOLUTION. 

CASE I. . 

If all the lives be equal j find out the 
given age in tab. IV. and againft it, under 
the propofcd rate of intereft, will be the 
number of years purchafe required. 

CASE II. 

' If all the three ages be between 15 
and 55 years, and the difference between 
the greatefl and leaft of them not morc- 

than 15 years, take part of their fum 

•for the mean age, and proceed as in 
Cafe I. 



CASE III. 

If' one or more of the propofed ages 
be without the limits, mentioned in me 
laft suticle, but the difierence of the va- 
lues anfwering to the greatefl and leaft 

of 



Digitized by Google 




Annuities upon Lives. 55 

of them, not greater than half the lead i , 
then to the fum of the two greater 

values, add twice the lead, and take of 

4 

the fum for a mean value required. 
Generally, 

Be the ages what they will, multi| 4 y 
the fum of the three correfponding va- 
lues, by the fquare of the lead of them, 
referving the product j multiply the two 
greater values into each other, and to 
the double of the product, add the fquare 
of the leffer value j divide the referved pro- 
du^ by this fum, and fubtnud the quo- 
tient from twice Ae leffer value; the rc- 
fttlt will be the value fought. 



Exampleo^CaseI. 

Let each age be 35, and the rate of 
intered 3 per cent, then in tab IV. againft 
35, under \per cent, dands 7.6, whidi is 
the number of years purchale that an an- 
nuity is worth for the three joint lives. 

Example o/'Case II. 

Let the three given ages be 20, 25, an 4 . 
33 years. Here y of the ages will be 26, 

corref* 
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correfponding to which, under 3 per cent, 
ftands 9.0. 

Example of Case III; 

Where the propofed ages are 7, 15; 
and 33 years j againft thefc ftand 11.9, 
1 1.2, and 7.9, therefore the fum of the 
two greater values is, here, 23.1 j this added 

to twice the lelTer, gives 38.9, the ^ of 

which, or 9.725, is the value fought. 

Example of Cask IV; 

Let the three ages be 13, 31 L, and 53* 

? rears, and intcreft 4 per cent, then the va- 
ues anfwering to thofe ages, will be 10.5,' 
7.3, and 5.0 ; the fum whereof is 22.8, 
which multiply’d by 25, the fquare of the 
leaft of them gives 570, to be referved : 
Again, the two greatell values multiply’d' 
into each other produce, 76.65’, the dou- 
ble of this added to 25, tne f(|uare of the 
leaft ■will be 178.3, by which dividing 570, 
the referved product, there comes out 3.2 ; 
this fubtradt^ from 10, the double of the 
leaft value, leaves 6.8 for the value re- 
quired. 

PRO- 
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PROBLEM XII. 

r 

*To find the value of an annuity upon the 
longefi of three lives, 

Solution. 

C A S E I. 

If the lives be all equal, feek the com- 
mon age in tab. V. and againft it, under 
the propofed rate of intereft, will be the 
number of years purchafe required. 

CASE if. 

If none of the ages be lefs than 10,' 
nor greater than 60 years, and the difference 
between the greatelt and leaft of them 
hot more than 15 years, to twice the fiim 
of the two leaft add the greateft, and take 

~ part of the fum as a mean age. 

CASE III. 

If the. difference, of the greateft and 
leaft values, found againft the propofed 

ages in tab. V. be not more than L of 

the leaft j then, to twice the fum of the 

I two 
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two greateft values, add the leaft; taking 
Y part of the fum for a mean value. 

Generally, 

Find the value anfwering to the great- 
eft of the given, ages in tab. III. and the 
values correfponding to all the three feveral 
ages in tab. V. and let the difference of 
the two values, anfwering to the greateft: 
age, be taken and referved ; let the fquare 
of the greater of thefe two, be divided by 
the produdt of the two other remaining 
values j multiply the fquare of the quotient 
by the referved difference, then this laft 
produdt, added to the value of an annuity 
for the two youngeft lives, will be the va- 
lue required. 

Example (f Case I. 

Let the three ages, be each 35 years, and 
intereft 4 per cent, then in tab. V. againft 
35, under 4 per cent, ftands 17.3, for the 
number of years purchafe required. 



Example of Case II. 

Let the propofed ages be 16, 24, and 30 
years, then will the mean age be 22 years^ 
and the number of years purchafe required 
19.4. 

' Ex- 



'N 
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Example of Case III. 

Suppofe the three ages to be 28, 35, and 
44, then the three correfponding values 
will be 18.3, 17.3, and 16.0, and there- 
fore twice the fum of the two greater 
added to the leflbr, is 87.2, which di- 
vided by 5, quotes 17.44 for the anfwer. 



Example of Case IV. 

Let the given ages be 20, 36, and 
60, and intereft as in the preceding ex- 
amples : Here, the value found againft 60 
years in tab. III. is 11.2, and thofe againft 
20, 36, and 60, in tab. V. 19,7, 17.2, 
and 12.7, refpedtively j wherefore, taking 
1 1.2 from 12.7, we have 1.5 for the diffe- 
rence to be refcrved : Now the fquare of 
12.7, divided by the produft of 19.7, 
and 17.2 is o.c, the fquare of which, 
multiply’d by 1.5, the referved diffe.. 
rence gives 0.375; added to 17.0, 
the value of an annuity for the two 
youngeft lives (as determined by Cafe II. 
Prob. X.) will give 17.375, or 17.4 for the 
, number of years purchafe, which an an.? 
puity is worth upon all the three lives, 

I 2 RE^ 
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REMARK. 

That the reader may not entertain any 
fcruple concerning the exaftnefs of the me- 
thods of Solution hitherto laid down, for 
eftimating the values of annuities upon 
two or more unequal lives, I fliall here, 
according to my promife, endeavour to 
make it appear, that thofe Solutions may 
be always depended on, as very near the 
truth. In order to this, it will be requi- 
lite to refume the two hypothefes laid down 
in Corol. II. and IV. Prob. I. wdierein the 
probabilities of life are fuppofed in a geo- 
metrical, and in an arithmetical progreflion ; 
and to compare the values of equal fidliti- 
ous lives, computed according to thofe hypo- 
thefes, with the correfponding values in the 
tables, for real lives, computed from aftual 
obfervations,andthen tocpnlider from thence, 
how the values ought to differ in lives that 
are unequal. Accordingly, let the value of 
each of the equal lives, whether confidered 
as real or fidtitious, be fuppofed equal to 
any number of years purchafe, as 7, 8, 
9, 10, II, 12, 13, 14, and 15, fuccelTive- 
ly, and let the rate of intereft be at 4 
fer cent, then will the correfponding va- 
lue, of two equal joint lives, be as in the 
following little table, whereof the firft cg- 
. lumn expreffcs the value of each of the 
- . lingle 



A 
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jingle lives, and the 2d, 3d, and 4th co- 
lumns, the value of the joint lives, accord- 
ing to obfervations, and the two forefaid hy- 
pothefes relpecftively, 

i 



Value 
of one 
fingle 
life. 


Value of 2 
joint lives, 
per tab. 


Value of 2 
joint lives, 
per I ft hy- 
poth. 


Value of 2 
joint lives, 
per 2 d hy 
poth. 


7 


4-7 


3-9 


4.9 


8 


5*4 


4.6 


5-6 


9 


6. 1 


5*3 


6.4 


10 


6.8 


6. 1 


7-1 


■ 1 1 


7.6 


6.9 


7-9 


12 


8.5 


7.8 


8.8 


13 


9-5 


8.7 


9-7 


H 


10.5 


9-7 


10.6 


15 


11.5 


10.6 

‘ 


1 1.6 



Now, by infpediing this table, we may 
pbferve, firfl, that the value of the joint 
jives, according to the laft of the two hy- 
pothefes, is a fmall matter greater than the 
value of the fame lives, as deduced from 
real obfervations, but never by more than 

about of an year’s purdiafe ; and fe- 

condly, that, on the other hand, the va- 
lue of the joint lives, according to the firft 
hypothecs, is always lefs than the true va- 
lue deduced from obfervations, and that 
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at leaft by ^ of a year’s purchafe. Hence 

we may infer, that the probabilities of life, 
as given in the table of obfervations, do 
not come fo near a geometric progreffion, 
as to an arithmetic one (which, in fonie 
meafure, appears from the table itfelf) and 
confequently that the value of an annuity 
upon real lives, whether equal or unequal, 
will differ little from the value de- 
rived from the lafl: hypothefis, but fome- 
thing more from the former. Let us, there- 
fore, now fee what the differences will be, 
in two unequal joint lives, by the general rule 
before given, (in Prob. IX.) from whence 
we fhall be enabled to judge of the exadt- 
nefs of that rule. What thefe differences 
are, may be feen by the following ta- 
ble, which exhibits the values of the joint 
lives, according to each of the three fore- 
faid ways ; wherein the value computed by 
the rule, compared with thofe derived from 
the hypothefes, appears to agree fo exadly, 
throughout the whole table, with what has 
been above obferved, with refped to the true 
value, as to fufficiently prove, that the rule 
it felf muft be very near the truth. But 
if this rule be near the truth, the two 
particular ones preceding it, muft be fo too, 
being fo contrived, as to always bring out 
pearly the fame value with the general one ; 
but with this difference, that, as the general 
2 one. 



Digitized by Google 




Annuities upon Lives. 63 

one, for the moft part, gives the anfwer a 
little too fmall, the firll of thefe always 
makes it a little too great ; tho’ neither of 

them fcarce ever err, by more than — of a 

year’s purchafe. 



Values of 
the two 
fingle lives. 


Value of 
the two 
joint lives, 
per rule. 


Value of 
the two 
joint lives, 
per firft 
hypotb. 


Value of 
the two 
joint lives» 
per fecond 
hypoth. 


6 and 8 


4-<I 


3-8 


4-7 


6 


10 


4*8 


4-3 


5-0 


6 


12 


5-0 


4.6 


5-2 


6 


14 


5-2 


4.9 


5-4 


6 


16 


5-4 


5*2 


'5-5 


8 


10 


6.0 


5-3 


6.2 


8 


12 


6.4 


5-« 


6.7 


8 


14 


6.7 


6.3 


7.0 


8 


16 


6.9 


6.7 


7.2 


10 


12 


7-5 


6.8 


7.8 


10 


14 


8.0 


7-5 


8-3 


10 


16 


8.4 


8.1 


8.7 


12 


14 


9-3 


8.6 


9-5 


12 


16 


9.9 


9.4 


lO.I 


14 


16 


1 1.4 


10.6 
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\ 

In the fame manner it may be madef 
to appear, that the other rules for three 
joint lives, and the longejt of two or three 
lives, are likewife very near the truth, but 
I lhall content my felf here, with giv- 
ing one or two inftances, in annuities 
upon three joint lives. Let there be three 
equal lives, and the value of an annuity 
upon each of them 14 years purchafe,' 
and intereft at 4 per cent, then will the 
value of the joint lives, by tab. IV. come 
out 8.3, but by the two hypothefes, 7.3, 
and 8.5, refpedively. Again, let the lives 
be fuppofed very unequal, fo as to be worth 
6, 10, and 16 years purchafe, then will the 
value of the joint lives be, by the general 
rule, 4.5, but according to the hypothefes, 
3.84, and 4.63 ; which examples, agreeing- 
fo well with each other, and with what 
has been abovefaid, tend greatly to evince 
the accuracy of. the rules, or, at leaft, to 
fhew that they are conliftent with the ta- 
ble of obfervations. 



O F 



% 



Digitized by Google 




Annuities upon Lives, 65 




O F 



REVERSIONS. 

‘ , PROBLEM XIII. 

T O find the value of the Reverfion of 
one life after another, 

SOLUTION. 

r * 

From the value of the life in expedla- 
tion, fubtradl the value of the two joint 
lives, or from the value of the longejl of 
the two lives, fubtraft the value of the life 
in poflcffion ; the remaijidcr, in either cafe, 
will be the required value of the Re- 
verfion 



* This and all the following Solutions, relating to Re'- 
verfions, are univerfally true, be the probability of life what 
it will, as appears from Prob. IV. V. aAd VI. they being 
nothing more than the moil ufeful Cafes of the general 
Tbewrems there given. 

EX- 



K 
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EXAMPLE. 

Suppofe the age of tlie life in polTcfllon 
to be 68 years, and that of the life in ex- 
pedtation 1 1 years, and intereft 4 per cent, 
then the values of the two joint lives, by 
Cafe IV. Prob. IX. will be 6.1, whicn 
fubtradled from 16.3, the value of the life 
in expedation, leaves 10.2, for the value 
of the reverfion j but if the youngeft life 
had been in pofleflion, the value of the Re- 
verlion would have been only 0.6. 

* 

PROBLEM XIV. 

To Jind the value of the Reverfon of two 
livet after one, 

SOLUTION. 

From the value of the three lives, fub- 
trad the value of the life in pofleflion j the 
remainder will be the value of the two lives 
in Reverlion. 

EXAMPLE. 

Let the age of the life in polTeflion be 50 
years, and thofe of two lives in reverfion, 

45 
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45 and 56 years, and intereft at 4 per cent. 
then the value of the three lives, by Cafe 
II. Prob. XII, will be 15.1, from which 
fubtrafling 10. i, the value of the life in 
pofleffion, there remains 5.0, for the value 
required. 

PROBLEM. XV. 

To find the value of the Reverfion ofi one 
life after t%vo. 

SOLUTION. 

From the value of the three lives, take 
the value of the two lives in pofleflion, 
there will remain the value of the life in 
reverfion. 



EXAMPLE. 

Suppofe iS and 26 to be the ages of the 
two lives in poffeffion, and 32 that of the 
life in expectation, and intereft at 4 
then the value of the three lives, by Cafe 
II. Prob. XII. will be 19.0, from which 
fubtrading 18.0, the value of the two lives 
in poITeflion, there remains i.o, for the va- 
lue of the reverljon. 

K 2 PRO- 
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PROBLEM XVI. 

I 

Jind the valut of the reverfion of one 
life after t’wo joint //wj. 



SOLUTION. 

• 

From the value of the life in expefta- 
tlon, fubtradl the value of the three joint 
lives, there will remain the value of the 
life in reverfion. 

EXAM PLE. 

Let the age of each of the three pro- 
pofed lives, be 21 years; then the va- 
lue of the three joint lives, by Cafe I. 
Prob. XI. will be 9.0, which fubtradted 
feom 14.7, the value of the life in ex- 
pedtation, leaves 5.7, equal the value of 
the reverfion, when interefi: is at 4 per 
tent* 



PROBLEM XVIL 

7® find the value of the reverfion of two 
joint lives after one. 



SO. 
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SOLUTION. 

From the value of the two joint lives, 
fubtradt the value of the three joint lives; 
the remainder will be the value of the 
reverlion. 



EXAMPLE. 

Suppofe the age of the life in pofleffion 
to be 16 years, and the ages of the two 
joint lives in reverfion, each 28 years ; 
then the value of the two joint lives will 
be 9.9, by Cafe I, Prob. IX. and that of 
the three joint lives, 8.5, by Cafe II. 
Prob. XI. the difference of which, or 
1.4, is the value of the reverfion; intereft 
being 4 per cent. 

PROBLEM XVIII. 

^uppojing two perfonSy A, B, to be equal^ 
in p^'ejjion of an annuity^ which after 
the Mceafe of either of them^ is to be- 
long entirely to the Jurvivor for life: 
^0 find the value of the Jhare of each 
in that annuity. 

SO- 



Digitized by Google 




70 Of the Valuation of 

SOLUTION. 



From the value of the life A, or B, 
fubtrad half the value of the two joint 
lives j the remainder will be the value of 
the flmre of A, or B. 

EXAMPLE. 

Let the age of A be i8 years, and that 
of B, 29 years, and the rate of intereft 4 
per cent, then the value of the life A will 
be 15.2, and the value of the life B 13.2, 
from each of which fubtrading (5.3) half 
the value of the two joint lives, there 
will remain 9.9, ^nd 7.9, equal to the two 
values required. 



PROBLEM XIX. 



A and B enjoy an annuity^ to which a 
third perjbn C, after the deceafe of A, 
ii to have the foie right of poffejfion for life^ 
provided B be then extin ^ ; otherwife 
it is to be equally divided between him 
and B, during their joint lives^ and then 
to belong entirely to C, for life^ if he be 
the lajl furvivor : To find the value of the 
tight of C in that annuity, 

SO- 
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SOLUTION. 

From the value of the life C, fubtradl 
half the value of the two joint lives B, C, 
and from the value of the two joint lives 
A, C, fubtradt half the value of the three 
joint lives A, B, C, take this laft remainder 
from the former, and the refult will be the 
value fought. 



DEMONSTRATION. 

Let the annuity be 1 L, r the rate of 

intercft, and r, Gfc. <7, c, the 
probabilities of living i, 2, &c. years, as 
in the foregoing propofitions. Now the ex- 
pedlation of C, upon what he may happen 
to receive at the end of any year (fuppofe 
the firft) may be confidered in two parts, 
as depending on two different events j for 
firft, if C be the only pcrfon of the three 
then living, of which the- probability is 

1 — a X 1 — he will be intitled to the 
whole year’s rent, or i L, therefore his pre- 
fent expectation thereon, difcount being al- 
low’d, is c X 1 — n X 1-—^ X . Secondly, he 

and B may happen to be living, and A 

only 
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only extind, in which cafe he is to receite 
only of I L j therefore, the probability 
of this being cby. i — his expeftation in 
this cafe will be x i— ^ x — ; Hence, 

by adding thefe two values together, we 
have c x i — a x i — b x — •+• x i— ^ x — 

r zr 

p=-^ — expec- 
tation of C, upon what he may happen 
to receive at the end of the firft year. 
And, from the very fame manner of rea- 

foning, it will appear that 

ae ' i ' 

^ ^7T is the value of the expeda- 

tion of C, upon what he may happen to 
receive at the end of the fecond year, &c. 
Therefore the total expedation, or prefent 
value of all the fums that C may happen to 
receive from time to time, is 
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/ » 

^ But 4- ^ the firft column 

towards the right-hand, as appears from 
Prob. I. expreffes the value of an annuity* 
upon the life C j and the fecond column 

f— -4--^, &c.) half the value of the 

fame annuity upon the two joint lives 
B C, and fo on ; whence the truth of the 
Solution, is manifeft. — ^By proceeding ac- 
cording to this method, the value of any 
reverfion, however complicated, may be 
determined. 

PROBLEM XX.’ 

A, B, C, agree amongfl themfehes to pur~ 
ebi^e an annuity^ to be equally divided 
between them whiljl they live together^ 
then to be divided equally between the two 
JurvivorSy then to belong intirely to the 
lajl Jurvivor for life: 'To find what each 
ferjon ought to contribute towards the 
purcljoje. 

SOLUTION. 

From the value of the life A take half 
die fum of the values of the joint lives A, B, 

L and 



Digitized by Google 




74 Of the V A L\j hTio'n of 

and A, C, and to the remainder add — 

3 

of the value of the three joint lives A, B, C, 
the fum fliall be the value which A ought 
to contribute j and the like will hold with 
regard to the lives B and C. 



DEMONSTRATION. 

The expectation of A, upon what he 
may happen to receive at the end of one 
year, may be confider’d in four parts, as 
depending on fo many different events; 
for, firft. A, B, and C, may be all living, 
the probability whereof is a b in which 

cafe he is to receive — of the year’s rent, 

or y of I L j therefore his expectation on 

this event isy^. Secondly, A and B 

may be living, and C extin Ct, the proba- 
bility whereof is i — c, therefore on 

this event his expectation is 

Thirdly, A and C may be living, and B 
extinCt, on this event his expedation is 

Laftly, A may be the only per- 
fon then living, upon this the expectation 

will be - ^ ^ ; wherefore, by adding 

aU 
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all thefe four values into one fum, we have 
— — — — -h for the total va- 

r 2r 2r 3 r 

lue of the expedation of A, upon what he 
may happen to receive at the end of the 
firft year; from whence, by following the 
fame method of reafoning, as in the lall 
propofifion, the truth of the Solution will 
appear evident. 

In like manner may the fhare of A be 
determined, be the number of perfons con- 
cerned in the purchafe ever fo great, fup- 
pofing the annuity to be always equally di- 
vided among the furviving lives ; for let P 
exprels the value of the life A {vtz. the 
value of an annuity of i L for the life 
of A j) Q^the fum of the values of all 
the joint lives, arifing from the combina- 
tion of the life A, with each one of the 
other j R the fum of the values of all the 
joint lives, arifing from the combination of 
the life A, with each two of the other; 
S the fum of the values of all the joint 
lives, arifing from the combination of the 
life A, with each three of the other, and 

fo on j then will P — -^-l- — — 

234*5’ 

&c. be the value which A ought to con- 
tribute. 



L 2 PRO- 

J 



jr 
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PROBLEM XXL 

Suppo/ing any given number of lives P, Q>.R» 
and that A, or his Heirs^ are to receive 
the fum S upon the firji vacancy of any 
of thefe lives: T’o find the value of A’s 
expcdiation in prefent money. 

SOLUTION. 

Multiply the given fum by the value 
of an annuity for the joint lives P, Qj^R, 
and divide the product by the value of 
the fame annuity for ever j fubtradt the 
quotient from the given fum, and there 
wll remain the value fought. 

DEMONSTRATION. 

Let E be the value of an annuity for 
ever (/. e. the number of years purchafe 
it k worth) and P the value of an annuity 
fcr the propofed joint lives j therefore, fee- 
the value of the reverfion for ever, 
affer the joint lives P, Qj^R, to be re.- 
ceived as foon as one of tliofe lives be- 
comes extina, is to the fum (S) to be 
received at the fame time, as E to S, the 

prefent 
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prefent value of that reverfion, muft, con- 
fequently, be to the prefent value of this 
fum, in the fame ratio of E to S ; but 
the prefent value of the reverfion is known 
to be E — P, therefore that of the fum S 

will be^xS = S— Q^E. D. 

i ' t 

EXAMPLE. 

Let the number of lives be 3, their 
ages each 27 years, the rate of intereft 
4 per cent, and the propofed fum 100/. 
then the value of an annuity for the joint 
liwes being (by the table) '8 years pur- 
chafe, and the value of an annuity for 
ever 25 years purchafe, we /hall, by mul- 
tiplying 100/. by 8, and dividing the pro- 
duft by 25, have 32/. which fubtradred 
from 100/. will leave 68/. for the prefent 
value of 100/. to be received at the firft 
vacancy of the three propofed lives. ‘ 

PROBLEM XXII. 

Suppojing a given fum S to he depending^ 
fo as not to become due till the lives 
Pj Q»_R, &c. are all extinSl j 'tis requi- 
red to find the value of that fum in pre- 
fent money. 

SO- 
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SOLUTION. 

/ 

Multiply the given fum by the value 
of an annuity for the longeft of the pro- 
pofed lives, and divide the product by the 
perpetuity j fubtradt the quotient from the 
given fum, and there will remain the va- 
lue required. 

The rcafons of this Solution will appear 
evident from the method laid down in the 
laft Problem. 

REMARK. 

In what has been hitherto laid down, we 
have had regard to fuch annuities as are 
paid yearly, but if the payments are to be 
made every half year, which is mofl: com- 
monly the cafe, the true value at which 
the purchafe is to be eftimated, ought to be 
a little increafed j and therefore it may not 
be improper to confider here, how much 
that increafe will be. In order to which, 
let E denote the perpetuity, or the value 
of an annuity for ever, and P the value 
of the fame annuity for any number of 
lives; then, fince that life, upon whofe 
failing the annuity ceafes, has the fame 
chance very nearly, to drop in the laft as 
in the firft half of the year, it is manifeft 

that . 
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that the purchafer has, in this cafe, an 
equal chance to receive half a year’s rent 
more than when the annuity is paid yearly j 
and therefore the fum that ought to be d- 
low’d as an equivalent, for this, to be paid 

upon ceafing of the annuity, will be ~ 

of a year’s purchafe, or -L L, of which • 

fum, the prefent value will, by the laft 

Prob. be but this is not the only 

advantage the purchafer has in this cafe 5 
for, befides this, he has the ufe of the 
ift, 3d, 5th, &c. half years rents each 
half a yeari the value of which confidc- 

ration, lince the intereft of — L, for half 

a year, is to i L, the whole fum received 
in that year, in the conftant proportion of 
I to 4 E, will, it is manifeft, be to the 
prefent value (P) of all the fums that may 
be received from time to time, in the lame 
conftant proportion j and therefore is equal 

to which added to above foun^. 



gives ^ L for the whole value required. 

Hence it appears, that be the rate of in- 
tereft and the number of lives what they 
will, the difference of the values of two 



equal annuities, arifing from the rents of 
one being paid yearly, and the other half 

yearly^ 
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yearly, will in all cafes be — of a year's 

purchafe ; and in like manner, it will be 
found, that the difference of the values 
of two annuities, upon account of the rents 
of the one being paid yearly, and the other 

quarterly, will, in all cafes be -g- of a 

year’s purchafe very nearly. 

From the fame method of proceeding, 
may the difference between the value of 
an annuity pa3rablc in money, and the va- 
lue of an eftate in land, where the pur- 
chafer enjoys it, by an aftual pofTeffion, 
to the lad moments of life, be determi- 
ned ; for, luioc it is an equal chance whe- 
ther the life on which the eftate laft de- 
pends, drops in the foimer or latter half 
of the year, the purchafer may be fuppo- 
fed, in this cafe, to enjoy an annuity half 
a ytSit longer, than he who is paid in mo- 
ney yearly, and intirely lofes the laft pay- 
ment, if he dies but one day before it be- 
comes due; and therefere the prefent va- 
lue of this confideration, by the laft Prob. 

will be X y; whence it appears, that 

if from the perpetuity you fubtradt the va- 
lue of an annuity payable in money, and 
divide the remainder by double the peipe- 
tui^, the refult will be the parts of a 
year’s purchafe, exprefling the difference / 
of values required. 

This 
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This is trae, when the value of the e- 
llate is to be eftimated from the yearly 
rent it would produce, or when the pof- 
feffion for one whole year is exadtly equi- 
valent to I L, to be received at the end of 
that year j but if the eftate, when let, will 

bring in L L every half year, then there 

being the advantage of the intereft of the 
I ft, 3d, 5th, Gfc. payments, for half a 

E— P 

year each, the value above found, 

ought to be increafed by — g-, which will 

• •Ip 

bring it to for the difference 

required here, which in moft real cafes 
will be = Y of a year’s purchafe very near.. 

Hence we may conclude, that if to the 
value of the annuity, as found in the ta- 
bles, be added — of a year’s purchafe, 
when the rents are to be paid half-yearly, 
or -g- of a year’s purchafe when they are 

to be pid quarterly, or the purchafe is in 
land j the fum will give the value of the 
annuity in thofc cafes refpedtively. 



M PRO- 
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PROBLEM XXIII. 

T^here is an ejlate^ which^ if A, the prefent 
pojjejjory happens to die in a given ttme^ 
or before he attains to a certain age^ is 
afterwards to belong to B, and his heirs 
for ever'y to find the value (f B’j ex^ 
pe6lation. 



SOLUTION. 

The expedtation of B may be confidered 
in two parts, one with regard to what he 
may receive during the propofed term, and 
the other with regard to what he may. re- 
ceive after that term is expired ; the for- 
mer of which, as all the rents that become 
due in that term, will belong either to him 
or A, mufty it is manifeft, be equal to the 
difference between the value of an an- 
nuity certain for («) the number of years 
in the faid term, and the value of ano- 
ther equal annuity for the fame number 
of years, as depending on the contingency 
of A’s continuing alive to the end of that 
time ; but the latter part of B’s expedlation^ 
lince the whole eft^e is to belong to him 
and his heirs for ever, if A fhould happen 
to be extindt at the end of the aforefaid 

term, 

V , ^ 
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term, will be the value of the perpetuity 
to be received n years hence, multiply’d 
by the probability of A’s not living to the 
end of that time; wherefore, if this pro- 
bability be denoted by P, the perpetuity 
by E, and the prcfeiit value of j L, due 

/ II 

n years hence, by w, and r, <7, <z, //, ^c. 
be fuppofed as in the preceding propolitions, 
it is evident from what has been abovefaid, 
that pin's. 





un mu 




or, pmS. + 



; // m 




will be the total value of B’s expectation j 
where each feries is to be continued to as 
many terms, as there are units in n. But 
as the finding and adding together thofc 
terms, when their number is great, may 
feem to retjuire too much labour for com-r 
mon praftige, I have deduced the follow- 
ing rule therefrom ; which, being applica- 
ble to the tables, gives the true aufwer 
vrithout any great trouble. 



M Z RULE. 
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\ 

RULE, 

From the perpetuity fubtradt the value 
pf a life of that age, to which the expec- 
tation of B is limited, and multiply the 
remainder by the probability that A lives 
to that age, and this produd: again^ by the 
prefent value of i L, to be received at the 
end of the given term j to this laft produdt 
add the value of the life A, in pofleflion, 
and take the fum from the perpetuity, anq 
there will remain the value recjuired, 

EXAMPLE, 

Let the age of A be 8 years, and intereft 
at 5 per cent, and let B be intitled to an 
eftate for himfelf and heirs for ever, upon 
the deceafc of A, if A Ihould happen to die 
before he attains to twepty-one ; then the 
value of a life of twenty-one will be 12.9^ 
which taken from 20, the perpetuity leaves 

7.1, this multiply’d by the probability 

pf a perfon of the age of 8 living to 21, 
gives 5.97, which multiply’d by 0.53, the 
prefent value of i L to be received » years 
hence, will be 3.16, this added to 14.3, 
^he value cf the life A, giMes 17.46, whidi 
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(um, deducted from the perpetuity, leaves 
2.54, for the value of B’s cxpedatbn, 

which is little more than 2 — year’s piy- 

jchafe. 



PROBLEM XXIV, 

Q^expe 6 is an eftate for himfelf and heirs 
for ever^ after the extinBion of a gi- 
njen number of lives A, B,. C, provided 
this happens in a given number (n) of 
years ; to find at how much the value 
pf expectation is to be ejlimated. 



SOLUTION. 



Let every thing be as in the preceding 
problem, only let P here denot? the 
probability that all the lives A, B, C, 
drop in n years ; then by following the 
very fame method of reafoning, there 
kid down, it will appear that p m'E, 



'v “ 'H Gff, 




iSc. will be the true var 
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luc of B’s expeiJlation ; where the feries is 
to be continued to n terms. 

"Note^ the foregoing feries, in cafe of two 
or three lives, might be referred to the ta- 
bles, as that in the laft Problem was, but 
the Advantage gained thereby, in computa- 
ticMi, would not be fo conhdemble. 



O F 



\ 
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O F 



SUCCESSIVE LIVES. 



PROBLEM XXV. 

S UppoJing A to enjoy an annuity for Ufe^ 
and at bis deceafe to have the mmi^ 
nation of a Succejfor^ voho is likewife to 
enjoy the annuity for bis life j to find the 
frejent value of the two SucceJJive Lives. 

SOLUTION. 

Let the value of the life A, in polieflion, 
be denoted by P ; and let the life to b« 
put in nomination, at the deceafe of A, 
be fuch, that the value of an annuity 
granted hereon, may be equal to Qj^and, 
let D be the required value of the two 

live?, and E the value of the annuity for 

ever. 
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/ // 

ever, and let r, <7, <7, ^ , Qfc. be as in the pre- 
ceding pre^fitions. Therefore, lince the 
probability that the firft life fails, or that 
the fecond comes into pofleffion, the firil 
year is i — a j and as the total value of 
what the fecond life will be intitled to at 
the happening of this event, is Q^the 
expectation on the fecond, upon the con- 
tingency of coming into poffeffion the 

firft year, will, it is evident, be 1 — a x Ql, 
Moreover, becaufe the probability that the 
fecond life comes into poffeffion the fecond 

year is a — <7, the expectation on the whole 
value of the annuity, upon the probability 
of entering into poffeffion the fecond year, 
(difeount for one year being allow’d) will be 

r 



X And after the fame manner will 
the expectations, upon the 3d, 4th, 5th, Gff, 



/ // // m 



years, appear to be 

ref^Ctively; therefore the fum of all 

, // /// 

thefe, orQ_x i + i + * Cfr. 

r r* 



iU //// 

. a 



— Qj< ^ H” — -I- 

be equal to (D— P) the pr^enty tetaly va- 
lue 



\ 
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/ H 

iue of the fecond life. But — -f- -f- 

^c. is the value of the life A-; where- 

fore, by writing P inftead of 

we have Qx i + P — Qx rP=D — P, and 
confequently D = P -f- Clzr" ^ — i x P Q_^ 
= P -f- ; whence it appears^ that 

if from the fum of the values of the two 
lingle lives be taken their produd, divided 
by the perpetuity, the remainder will be 
the value of the two lives in fucceffion. 
QJE. I. 

Otherwife, 

Since the value of the fecond life in fuc-' 
ceffion, to be received at the deceafe of A, 
is to the value of the rcVerfion for ever, 
to be received at the fame time, in the 
ratio of E, the, prefent value of the 
former of thefe will be to the prefent va- 
lue of the latter in the fame ratio ; but the 
prefent value of the latter, or of the re- 
verfion for ever after the life of A, is given 
equal to E — P; therefore the prefent va- 
lue of the former, will be equal to ~ 

* - p 

X E — P=Qx 1 — which being added 

lo P, the prefent value of the life A, gives 

• N P 
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p >f. Q— the very lame as was befoccf 

determined. 

■ • 

EXAMPLE. 

Let the prefent value of the life A, in 
poflelfion, be equal to I1.2 years pur- 
chafe, and let the life put in nomination 
at the deceafe of A,, be worth 16.3 years 
purchafe, and the value of an annuity for 
ever, equal to 25 years purchafe j then the 
fum of the values of the two lives will be 
2^.5, and their produd 182.56} this laft 
divided by 25, the value of the perpetuity, 
gives 7.3, which being fubtradted from 
27.5, there will remain 20.2, for the va- 
lue of the two Succeffive Lives. 



PROBLEM XXVI. 

*Tbree Ihes A, B, C, being given in pc- 
cejjion \ to find their prejent value, 

SOLUTION. 

Let the values of the three lives, confi- 
dered as independent of each other, be re- 

fpcdtivcly 
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ipedively denoted by P, Qj_R, and let E 
be the value of an annuity for ever. There- 
fore, fince the prefent value of the two firft 
lives in fucceflion (A and B) is, by the laft 

Problem, equal to P+Q^^ — the value 

of the reverfion of the annuity for ever, 
after thefe two lives, will be E — P— Q 

H — and therefore, from the lame me- 
thod of reafoning as in the preceding Pro- 
blem, it will be as E : R : : E — P — Q 
, PCL T? PR-RCL , PQ.R Q- 
1“ ^ ^ Te'* 

p o 

Rxi — prefent value of 

the third life*; this therefore a.ddgd to 

P+Qzr--^. the value of the two firft, 

t -D PQr^PR — Q,R . PQ.R 

gives P+CU-R— ^ B + 

P Q ' 1^' 

= E into I — I — -g X 1 — ^x I — -g- 

for the required value of the three fuc- 
cefllve lives; from whence the value of 
any number of lives in fucceffion, may 
be derived by infpedtion j and then9C the 
following general Rule. 

Multiply the value of each of the pro- ' 
pofed lives by the intereft of i L for one 
year^ taking the feveral products from 
unity, and multiplying together all the 
femamders, let the produfl: thus arifing be 

2 alfp 
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alfo taken from unity, and the remainder 
multiply’d into the value of the annuity 
for ever j then will the refult be the va- 
lue of an annuity for all the fucceflive 
lives. 

EXAMPLE, 

Let there be three lives given in fac- 
ceffion, whofe values feparately confider’d, 
are refpeclively equal to 8, i o, and 1 5 years 
purchafe, and let intereft be at 4 per cent. 
then the feveral given values, multiply’d by 
0.04, will be 0.32, 0.4, and 0.6 ; thefe fe- 
verally fubtradled from unity, leave 0.68, 
0.6, and 0.4, whofe produA 0.1632 being 
taken from unity, there will remain 0.8368, 
and this multiply’d by 25, the perpetuity, 
gives 20.92 for the prefent value of the 
three lives. 

PROBLEM XXVII. 

/ 

Suppoftng A to purchafe an ejiai'e^ in copy-^ 
hold^ upon any number of lives P, 

R, S, the fum b, on condition that 

be and his heirs Jhall renew it conti- 
nually^ whenever any life becomes vacant^ 
for the fum c ; to fnd the prefent value 
of the whole purchafe allow'd for that 
(fate, 

S O- 
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SOLUTION. 

Let the values of the lives P, Q*_R, (Sc, 
upon which the leafe is firft granted, be 
r, (Sc. and e the perpetuity, and let 

the values of the lives (P, i*, P, (Sc.) which 
follow in a diredt fucceflion from P, be de- 
noted by p^ p^ (Sc. and thofe of the 
lives (Qi_;<^Q2_dsfc.) following in a diredt 

r /V r tnm 

luccellion from Q»__,by q, y, q^ (Sc. re- 
fpedlively, and fo on, with regard to the 
reft of the lives R, S, T ; then it will be 
( t y 

SiS p : c : : p y. i -y the prelent Value of 

the life P (by Prob. XXV.) to c x i — ^ 

the prefent value of the fum (c) to be paid 
at the deccafe of P, or the nomination . of 

the new life P 3 and as / : c ; ; x i — — 
T ' 

I — y the prefent value of the life 

# (by Prob. XXVI.) to c x 7 ^^ x 

the prefent value of the fum (c) to be paid 

upon the deceafe of P, or the nomination 

of P, the next life in this fucceffion : And in 

the 

2 
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the fame manner will the prefent values of 
the fums to be paid at the nomination of 

the lives F, P, be found ^ x i — -7 

f H - ■ ' 

X I — X I — — , and c x 1 — -7 x i ^ ~ 

g i ^ # * 

5T m 

X i-»— "X But the fum of 

t t 

thefe, or r x i — -7 ■4*^ i — 7" 

r — s— ' 1 

X I — X I — — X I — -^x I — 

continued /« infimtuniy is the prefent 
yalue of all the fums that may be paid 
from time to time, for the renewals of all 
the lives in this fucceffion ; and from the 
fame way of reafoning, the prefent value 
of all the fums, that may be paid for the 
renewals pf all the lives in the fucceflions 

R, A, ft, ^c. t§c. will 

- - - -I / 

appear to be r x 1 — -7-f-^ x i — x i — 7 

/ H 

X I — -7 X I X I — and 

^ X I — ~~hc X I — j XI — -7-h^ ^ I— -7 

7 7 / , 

jc I — yx I 7, &c. Gff. refpeftively. 

There, 

•V 



X 
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Therefore, if to the fum of all thefe, the 
Value b, paid at entring be added, the ag- 
gregate, — y-f-i — -^x I — A 

-f-I XI — XI — t^c. -I- 

e t ^ * V 



r X I — -4- I — — X I — — X 

€ t e t 

T“ H ■ ■ 

XI ^xi — “, &c. + r X I — ~ 

If t 

. t — r 

r ^ t ^ ^ r 

XI — y» &c. Gff . will, it is evident, be the 

prefent total value of all that A and his 
heirs may pay for the enjoyment of the 
eftate for ever. Q:_E. I. 

COROLLARY I. 

Hence, if the lives with which the 
leafe is filled up from time to time, 
be equal to one another, the general cx- 

preifion will become ^-f-cx i — A 

A* 7 \* ns 

jHhl — 7 ^I— +1— f 

• 4 * 



y 
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' ' I't 

X 1 X I+I — ---l-i — > 

€ € ^ 

which therefore, becaufe 1 + 1-+- -^ 

^ /* ^3 T \4 

4: 1' — L 4-1 — A 4- I — A , Gfi". is e- 

e e i 

qual to A^ vvill become ^ 4- -7 x e — p 

f ^ t 

4-^ — q-\-e — r, ^c. 

COR O LLARY II. 

r. « 

But if all the lives, as well thole uporv 
which the leafe is firft granted, as thofe 
put into nomination afterwards, be equal to 
each other, the value allowed for the whole 

purchafe will be ^ 4 - 

p 

COROLLARY III. 



Laftly, if b-{-c x i — —4- 1 — A x i — A^ 

I. i ! 

(Sc. -b-^xi — “4-1 — Lx I — L, (Sc, 
(Sc^' be taken == e, we (hall have c == 
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i_ X A,e«rf.+i— ^-+ 1 —^ X 

/ ' t t ' e ' e 



97 




e 



(^c. /hewing the true value that A and his 
heirs ought in juftice to pay at each re- 
newal i which value, when the lives re- 
new’d with are all equal, will therefore be 



e — b X f 

e-^p-^e — q-\- e — r-j-^ — s, (jfi. 

The above Corollaries, expreffed in 
words at length, afford the following prac- 
tical Rules. 



I. Subtradt tlie fum of the values of all 
the lives, upon which the leafe is firft grant- 
ed, from the perpetuity multiply’d by the 
number of thofe lives, and divide tlie 
reminder by the value of one of the equal 
lives, with which the leafe is from time to 
time to be renewed, and multiply the quo- 
tient by the furn agreed upon to be paid 
for renewing, and the produdt will be the 
prefent value of all the fums that may be 
paid for all the renewals for ever; which 
^ded to the value paid at firft entring will 
give the total value of the purchafe. 

II. Multiply the rent of one year by the 
prefent value of all the fums that may be 
paid for renewals (found as above) and di- 
vide the produdt by the perpetuity, and 
the quotient will be the fum by which the 

' * O ' ‘ rent- 



iT 
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rent-roll of the firft proprietor’s eftatc, 
ought to be increafed upon account of fuch 
renewals. 

, III. Take the difference between the 
value paid upon firh: entering, and the per- 
petuity, and multiply it by the value of one 
of the equal lives, with which the leafe 
is to be conftantly renewed, . divide the 
product by the excels of the reftangle of the 
perpetuity into the given number of lives, 
above the fum of the values of all thofe 
lives, and the quotient will be the fum, 
which, in jultice, ought to be conllantly 
paid for renewing. 

EXAMPLE. 

Let the propofed eftate be lOo/. per 
annum^ and the number of lives upon which 
the leafe is granted be 3 , and let their va- 
lues, feparately conlider’d, be worth 10, 
' 12, and 15 years, purchafe; let. the fum 
paid upon entring be 1 600 /. and that for 
renewing 400/. and intereft at 4 per cent. 
and fuppofe the purchafer to have the li- 
berty of renewing with lives of what ages 
he lhall think proper, or moft to his own 
advantage. 

Then the fum of the values of the three 
lives will be 37 years purchafe, which ta- 
ken from 75, three times the perpetuity, 

leaves 
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leaves 3 8 years purchafe j but the greateft 
value of an annuity for one fingle life (at 
4 per cent.') is, by the table 16.4; where*- 
‘fore, dividing 38 by 16.4, we have 2.317, 
which multiply’d by 4, the number of 
years purchale paid for each renewal, gives 
9.268 years purchafe, or 926/. i6j. for the 
prefent value of all the fums that may be 
paid from time to time for renewing ; 
therefore 2526/. i6r. is the whole value 
of the purchafe j from whence it will be 
found that the fum by which the rent- 
roll of the eftate of the firft proprietor, 
ought to be increafed upon account of 
thofe renewals, is 37/. ir. and that 3 88/. 6x. 
is the fum that ought to be paid, in juflice, 
at each renewal. 



O 2 
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O F 

REVERSIONS, 

WHERE THE 

Expectation depends upon the Pro- 
bability of one particular Life, in, 
poflellion, furviving the reft. 

LEMMA II. 

T he ages of two perfons A and B 
being given j to determine from the 
table of Objervations^ the probability which 
each f them has to fiirvive the other. 

Let CLP reprefent the whole extent of 
life, continued from the inftant of birth at 
Q»_ to the extremity of old age at O, and let 

QA, and QJB, be the given ages of A and B, 

/ / 

and CLA and CL? any other two corre- 
fponding ages to which they have a chance 
‘ of 

S 
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bf attsdhirigj arid let VbaO be a curve, 

^holq ordinates B A rejpre- 

(erit the riuiril^rs of perlbns anfwering, ia 
the table oJP obfervations, to thofe agesj 

fuppofe f as near as poffible to B and 

A m equal to B and q 2 parallel to QO ; 

put Aar=ay ha-=zay B3=^, bz-:=by and 

q2-=hm=.x } and fuppofe A, If he be the 
iiirvivor, to receive the fum S. Then will 
the probability of his receiving that fum, du- 
ring the interval Aw, be compounded of 
the probability of his attaining to the age 

Q 3 , and that of B’s dying in the corre- 
fponding interval Be, of which, the forriaer 

being ~y and the latter y, the com- 

Lb 

p 6 und of both muft confcquently be 

Let this value, therefore, be defined (every 

where) by an area Aw«FA, fuppofing 
EE «0 to be a curve, whofe whole area 
AOEA exprelTes the probability that A 
receives the fum S fome time during the 
Whole interval A O j then by dividing 

by X (==Aw) we lhall have A F 

== for the general equation of this 

curve 3 
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curve; from which, by a known method 
for approximating the areas of curves, by 
means of equidiftant ordinates, may the 
area AOEA be determined; which afea, 
as it cxprefles the probability that A lives 
to receive the fum S, muft alfo exprefs the 
probability that he out-lives B. Suppofe, 
for inftance, the age of A to be 40 years, 
and that of B 30 years, and fuppofe the 
interval A O (which may, with all the 
cxadtnefs here requifite, be confined to 50 
years) to be divided into 5 equal parts at the 

points A, gy hy i; then will the fucceflive 

values of tf, anfwering to thefe feveral ages 

Qj^y Q^A, Q^gy Qjjy &c. according 
to the table, be found 294, 204, 130, 
and the decrements of life, againft 
(30, 40, 50, 60, 70, and 80 years) the 
correfponding ages of B, equal to 9, 10, 
8, 7, 5, and 3 refpedtivcly ; therefore it 

will be, as I year, to the time (Be) x : : 
lb is 9, 10, 8, or 7, Gfe. the decrement 

in one year, to 9X, lox, 8x, or yx, (ife. • 

the decrement in the time x very near ; 
which values, therefore, with thofe above, 

being fucceffively wrote for 6 and tf, in the 
general expreffion — , the ordinates A E, 

X a b 

AF 
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A F, ^ G, &c. will, in this cafe, come out 

294x9 204X 10 130x8 69x7 29X s 

294x385’ 294x385’ 294x385* 294x385* 294x385* 

and refpedtivcly : therefore the va- 

lue of the mean ordinate will here be 
= o-o° 89 ° 5 . wWch multi- 

plied hy AO — ^o, gives 0.44525 for the 
required probability of A furviving B ; 
whence the probability of the contrary, 
that B furvivefi A, will be 1—0.44525 = 
0 - 55475 - 

Note. That a mean, from a given num- 
ber of ordinates, may be had by the fol- 
lowing theorems, where b, c, de- 
note the given ordinates ranged according 
to order, and m is the mean ordinate cor- 
refponding. 



3. 7 = 



4. 



j a I2f-p32</-|-7g 

90 



m 



«9/ + 75^+;of+So<^+75*+»9/ 



288 



m 



_ 4l«+*l6^+27f+272-/+27^+2I6/4-41^ _ 

7 - =“ 
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PROBLEM XXVJIL 

A ai\d B are in joint pojfejjwn oj an an~ 
nuity j •which^ if h be the huger liver ^ 
isy after both lives are extinSl^ to belong 
to C and his heirs for ever: fofindthp 
prefent value of the- expeBation tf C, ott 
that annuity. , ’ 

SOLUTION. 

From the value of the annuity for ever,- 
fubtrad the value of the two lives in pof- 
feffion, and multiply the remainder by the 
probability of A furviving B (found by the 
preceding Lemma) and the pro(Ju(ft will be 
the' value required. 

For fince the value of the reverlion 
■which C and his heirs expedt, did it not 
depend on A’s furviving B, would be the 
excefs of the value of the annuity for ever, 
above the value of the two lives' A arid B, 
that excefs multiply’d by the pro|>ability of 
A furviving, muft confequently be the true 
value of the reverlion, allovving for that 
contingency. 



2 

. . 



EX- 
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Let the age of A be 40, that of B 30, 
and intereft of money at 4 per cent, then 
the value of the two lives A and B will be 
15.8 years purchafe (by Cafe II. Prob. X.) 
which taken from 25 years purchafe, the 
value of the annuity for ever, there will 
remain 9.2, and this multiply’d by 0.445, 
the probability of A furviving B, gives 4.1 
for the number of years purchafe re- 
quired. 

PROBLEM XXIX. 

Inhere are three perfons A, B, C, the two for^ 
mer of whom A, B, enjoy att annuity between 
them^ which annuity, if A furvives B, 
is afterwards to belong equally to A and C, 
during their joint continuance, and then 
intirely - to C for lije, if he be the laf 

furvivor'i to find the vaiue of C’s ex^ 

pehtaiion on that annuity, 

SOLUTION. 

Take the excefs of the value of the three 
lives A, B, C, above the value of the two 

lives A, B, and alfo the excefs of the va- 

P luc 
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lue of the two joint lives A, C, above that 
of the three joint lives A, B, C j multiply 
the former of them by the probability that 
A furvives B, and to the produdt add half 
the latter, and the fum thus arifing will be 
the true value of C’s expedlation. 

For fince the firft of the abovemention’d 
cxcefles would be the prefent value of all 
the rents that C might receive after the 
deceafe of A and B, was not that value to 
depend on A’s furviving B, the true value 
of thofe rents, allowing for that contin- 
gency, muft be the produdl of that excefs, 
by the probability of A furviving B : there- 
fore, as the latter of thofe excelTes is (by 
Prob. V.) double the value of all the 
other rents that he may receive, during 
the joint continuance of himfelf and A, the 
folution is manifeft. 

t . 

LEMMA III. 

7he ages of any number of perfons R, A, B, 
C, D, being given -y to find the pro- 
bability that any one of themy pitch'd upon^ 
as R, fi:all furvive the reft. 

Let CLO reprefent the whole term of 
lite, continued from the time of birth at 
to the extremity of old age at O ; and 
let QJR, Q. A, CL.B, CL.C, be the 
given ages .of R, ,A, B, C, ^c. refpedive- 

ly. 
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Jy, and QJt, Q^A, Q_B, any 

other contemporary ages to which thofe 
perfons have a chance of living j let PSO 
be a curve whofe ordinates Cc, RS, B 
every where exprefs the numbers of 
perfons, in the table of obfervations, an- 
swering to the correlponding ages C^C, 
QR, QB. &c. let kp be as near as can 

II / 1,1 I 

be to Atf, and A B /, K,w, C^, &c. 
all equal to one another, and let 2, ^3, 
and t Gfc. be parallel to QJ 3 . Put R S 




P 2 
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/ / 



c=r, Rr=r, R/w=a:, Atf=<7, Ka—a, 

02z=za^'&h=iby Bi = 4 Q,c—c^ 

C c == r, c ^=:c^ ^c. and let R, in cafe he 
^ the laft furvivor, be intitled to receive 
the fum S j then will the probability of his 

receiving that fum, in the interval R/», 
depend upon thefe events j firft, that he 

attains to tl^ age QJR.; fecondly, that 
only one of the other perfons ihall then 
remain alive; and laftly, that this perfon 
{hall alfo go out of being, during that in- 
terval ; wherefore, fince the probability that 
'all the lives,except R and A, are extinft before 



that time is x — 

b € 






Gfr. and 



that of A dying in the faid interval, equal 
to — , it is manifeft that — x -- x x 

tab 

X will be that part of the 

probability pf R’s receiving the fum S, in 
the forelaid interval, which depends upon 
the chance of ^’s being the laft furvivor, 
except R ; and for the like rpafons it will 
appear, that the other parts pf that pro- 
bability, depending upon the chance of 
B, C, D, G?c. being the laft furvivor but 

X &c. 



R, will he y X y X 



/ 

a — a f— I 



d 
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and — X — X x x &c, Cfr. 

r c p M 

refpedtively j therefore the fum of all thefe. 



A— i i—4 
^ b ^ 4/ ’ 



or ks equal p x -1- Hh H 79 

ih—a -h—b <w-f d <'4l 

iSc, by putting ^ x x x 

^sff, will be the whole -probability of re- 
ceiving the faid funa during tl^t inte^al* 
JL,et this probability be, every where, re- 
presented by the area Rw»FR, fuppofing 
£ F Q to ^ a curve, whofe whole area 
RE OR exprefles the probability that 1 \. 
receives the fum S, fometime during the 
whole interval R O, or furvives all the 
other perfons A, B, C ; then by dividing 



t ^ 



t 

a— a 



b-4 



+ 



d 



7H r, by X 

d~~d 



( = R ) we Ihall have R F = ^ x 



— ^ -I — i^, ^c, for the 

tf ^—4 d» ■ d 

general equation of this curve j from which, 
by the method and theorems laid down in 
Lemma II. ‘ the area RE OR, and confe- 
quently the probability exprelTed thereby, 
jnay be determined. 



CO- 
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COROLLARY. 

I 

« 

If the probability of life be confidered 
as decreafing uniformly, then will P S O 

become a right-line, and a — b — c — r, 

Gfc. as allb c, &c. equal to each 

/ * * 

other j therefore, by puttings — a=z^ a=z, 
and n the whole number of perfons given, 
the probability of receiving the fum 9 in 

the interval R w, will be defined by 



z" 55} whofe flu- 

rtf isc. ’ 

ent (after proper corfedtion) will, when 
AT=r, be i^ultiply’d into the two 

following feries ra”~~^ -\-ra •><. b — a”~~^ 



^rab X c’^i—b^-i-^-rabc x 

^c. 



ft — I X tf 



» — I n — I 
n — t X a X b — a 



n — I 



ft — \ X a h X e 



n — 2 . n — 2 



n — ^X abc X i 






■ , &c. where 



each feries is to be continued to as many 
terms, as will exprefs the place which tlie 
perfon propofed obtains, reckoning accord- 
ing to feniority, provided that perfon be not 

’ the 
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the youngeft of all, in which cafe, one term 
lefs than that number is to be taken. But 
the fluent thus found, is the required pro- 
bability of furvivorfhip, according to the 
above, hypothefis, and, with a little cor- 
redlion, will ferve fufficiently near in real 
cafes. 

PROBLEM XXX. 

To determine the Dalue of a reverfon for 
ever^ after any number oj lives A, B, C, 
upon the contingency of one particu- 
lar Ife A being the laji furvivor^ 

SOLUTION, 

From the value of the annuity for ever 
fubtradt the value of all the given lives, and 
multiply the remainder by the probability 
that A is the laft furvivor (found by the 
above Lemma) and the produdt will be the 
value required j which will appear manifeft 
from the reafons dready laid down in the 
two preceding problems. 



A 
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A. T A B- L E Jhewing the prefent value 
of one poundy to be received at- the end 
of am number of years not exceeding 
90,. difqounting at the rates (f 5, 4;, 
and 3 per cent, compound intereJK 





Value 


Value 


Value 


•< 


Value 


Value 


Value 


§ 


at ; per 


at 4 ptr 


at 4 per 




at 5 per 


at 4 ptr 


at 3 




etnt. 


<tnt. 


cent. 




ant. 


cent. 


cent. 


.1 


•9524 


.9615 


.9709 


21 


•3589 


.4388 


•5375 




.9070 


.9245 


.9426 


22 


•34*8 


.4219 


^•52*9 


-3 


;.8638 


..889c 


.• 9 * 5 * 


^3 


1.3255 


%4057 


,.5067 




.8227 


.8548 


,.8885 




..1100 


.3901 


• 49*9 


5 


•783s 


.8219 


.8626 


^5 


•2953 


•3757 


.4776 


6 


.7462 


•7903 


•8375 


26 


.2812 


.3607 


•4637 


7 


.7107 


•7599 


,.8131 


27 


.2678 


.3468 


.4502 


8 


.6768 


■.7307 


•7894 


28 


• 255 * 


•3335 


•437* 


9 


.6446 


.7026 


.7664 


29 


.2429 


.3206 


.4243 


10 


t.6139 


’• .6756 


.744* 


30 


•23*4 


.3083 


.4120 


II 


.5847 


.6496 


.7224 


3 * 


.2204 


.2965 


.4000 


12 


-.5568 


,6246 


.7014 


32 


.2099 


.2851 


•3883 


*3 


•5303 


. ,6006 


.6809 


33 


•*999 


•274* 


.3770 




•505* 


•5775 


,.661 1 


34 


,1903 


.2636 


.3660 


\S 


,4810 


•5553 


.6419 


35 


.1813 


•2534 


•3554 


16 


•4581 


•5339 


".6232 


3 ^ 


M726 


•2437 


•3450 


*7 


•4363 


•5*34 


.6050 


37 


.1644 


•2343 


-3350 


18 


•4155 


• 493 ^> 


.5874 


38 


.1566 


•2253 


.3252 


19 


•39S7 


.4746 


•5703 


39 


* 49 * 


.2166 


•3*58 


20 


.3769 


.4564 


•5537 


40 


.1420 


.2083 


.3066 
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•< 

§ 

M 


Value 
at 5 
cent. 


Value 
at 4 per 
cent. 


Value 
at 5 per 
cent. 


■< 

P 

(O 


Value 
at 5 per 
cent. 


Value 
at 4 /er 


Value 

cent. 


41 


•1353 


.2003 


.2977 


66 


•0399 


.0751 


.1421 


42 


.1288 


.1926 


.2890 


67 


.0380 


.0722 


.1380 


A 3 


.1227 


.1852 


.2805 


68 


.0362 


.0695 


.1340 


44 


.1169 


.1780 


.2724 


69 


•0345 


.0668 


•' 30 ? 


45 


.1113 


.1712 


.2644 


70 


.0329 


.0642 


.1263 


46 


.1060 


.1646 


.2567 


71 


•03 '3 


.0617 


.1226 




.lOiO 


.1583 


•2493 


72 


.0298 


.0594 


.1190 


48 


.0961 


.1522 


.2420 


73 


.0284 


•9571 


.1156 


m 


.0916 


.1463 


•2349 


74 


.027c 


.0549 


.1122 


50 


.0872 


.1407 


.2281 


75 


.0257 


.0528 


.1089 


51 


.0830 


•J 353 


.2215 


76 


.0245 


.0508 


.lois 


52 


.079 J 


.1301 


.2150 


77 


•0233 


.0488 


.1027 


53 


•0753 


.1251 


2087 


78 


.0222 


.0469 


.0997 


54 


,.0717 


.1203 


.2027 


79 


.0212 


.0451 


.0968 


55 


.0683 


.1156 


.1968 


80 


.0202 


•0434 


.0940 


56 


.0651 


.1112 


..1910 


81 


.0192 


.0417 


.0912 




.0620 


.1069 


.1855 


82 


.0183 


.0401 


.0886 


58 


.059c 


.1028 


.1801183 


.0174 


.0386 


.0860 


59 


.0562 


.0989 


.174884 


.0166 


•037 > 


.0835 


6 q 


•0535 


.0951 


.1697I85 


.0158 


•0357 


.0811 


61 


.0510 


.0914 


,1648 86 


.0151 


•0343 


.0787 


62 


.0485 


.0879 


.i6oo'87 


.0143 


•0330 


.0764 




.9462 


.0845 


•1553 


88 


.0136 


.0317 


.0742 


N 


.0440 


.0813 


.1508 89 


.0130 


.0305 


.0720 


?5 


.9419 


.9781 


.146490 

1 


.0124 


.0293 


.0699 



CL, A 
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A TABLE Jl:>ewing the prefent 'value 
of an annuity of one pound for any num- 
ber of years, not exceeding 90, •when 
inter ejl is at 5, 4, and 3 per cent. 



1 Years. 


Value [Value 
at 5 per2X 4 per 
<:ent. 'cent. 


Value 
at 3 per 
cent. 


'< jValuc 
3 at 5 pe, 


Value 
at 4 pet 
cent. 


Value 
at 3 pet 
cent. 


1 


0.952 


0.961 


0.971 




12.821 


14.029 


*5.415 


2 


1.859 


1.886 


1-913 


22 


* 3-*63 


14.45* 


* 5-939 


3 


2.723 


2.775 


2.829 


23 


13.488 


*4-857 


16.444 


4 


3-546 


3-63^ 


3 - 7*7 


24 


* 3-799 


*5-247 


*6.936 


5 


4-329 


4.452 


4.580 


25 


* 4- -94 


15.622 


* 7 - 4*3 


6 


5.076 


5.242 


5-497 


26 


* 4-375 


*5-983 


17.877 


7 


5.786 


6.002 


6.230 


27 


*4-643 


16.329 


*8.327 


8 


6.463 


6-733 


7.020 


28 


14.898 


16.663 


18.764 


9 


7.108 


7-435 


7.786 


29 


*5.141 


16.984 


19.188 


10 


7.721 


8.1 11 


8.530 


30 


*5-372 


17.292 


19.600 


1 1 


8.306 


8.76c 


9-253 


3 * 


* 5-593 


17.588 


20.000 


12 


8.863 


9 - 3«5 


9-954 


32 


15.803 


‘7-873 


20.389 




9 393 


9 - 9«5 


10.635 


33 


16.002 


18.148 


20.766 


14 


9.899 


10.56 


1 1.296 


34 


16.193 


18.41 1 


21.132 


>5 


10.38 


1 1.1 lb 


•« - 93^135 


*6.374 


18.665 


21.487 


16 


10 bgbji 1.652 


12.561136 


16.547 


18.908 


21.832 


17 


11.274 


1 2. 1 6' 


(3. 166*37 


16.71 1 


19.142 


22.167 


ib’ 


1 1.689 12.655 


' 3 - 753 ' 3 ^ 


16.86S 


19.368 


22.492 


‘9 


12.c85j13.134 


' 4-32439 


17.017 


19.584 


22.80b 


20 


12.462 


‘3 59 ^ 


14. 877-40 


1 * 7- *59 


‘ 9-793 


23**5 
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1 Years. 


Value 
at 5 per 
cent . 


Value 
at 4 pet 
cent . 


Value 
at 3 per 
cent . 


Years. 


Value 
at 5 per 
cent . - 


Value 
at 4 per 
cent . 


Value 
at 3 per 
cent . 


4 > 

42 

43 

44 

45 


17.294 

17-423 

17.546 

i 7 . 66'2 

• 7-774 


• 9-993 

20.186 

20.371 

20,549 

20.720 


23.412 

23.701 

23.982 

24.254 

24519 


66 

67 

68 

69 

70 


19.201 
• 9.239 
19.275 
19.310 
• 9-343 


23.122 

23.^94 

23.263 

23.330 

23-394 


28.595 

28.733 

28.867 

28.997 

29.^23 


46 

47 

48 

49 

50 


17.880 

17.981 

18.077 

18.169 

18.256 


20.885 

21.043 

21.195 

21.341 

21.482 


24-775 

25.025 

i^.ihj 

25.502 

25.730 


7 > 

72 

73 

74 

75 


• 9-374 

19.404 

•9-432 

19.459 

•9.485 


23-456 

23.516 

23-573 

23.628 

23.680 


29.246 

29.365 

29.481 

29-593 

29.702 


51 

52 

53 

54 

55 


•8.339 

18.418 
• 8.493 
18.565 
18.633 


21.617 

21.747 

21.873 

21.993 

22.109 


25.9s ij? 6 
26.16677 
26.375I78 
26.57879 
26.774,80 


19.509 

• 9-533 

• 9-555 

19.576 

19.596 


23 - 73 ^ 
23.780 
23 827 
23872 

23-9 •S 


29.808 
29.910 
30.010 
30. 108 
30.201 


56 

57 

58 

59 

60 


18.698 
18.760 
18.819 
18.876 
18 929 


22.220 

22.327 

22,430 

22.528 

22.623 


26.965:81 

27.15182 

27 - 33 i |83 

27.50684 

27.676I85 


19.615 

•9-634 

19.652 

19.668 

19.684 


23-957 

23- 997 

24 036 

24- 073 

24.108 


30.292 

30.381 

30.467 

30-550 

30.63^ 


61 

hi 

63 

64 
^5 


18.980 

19.020 

19.075 

• 9 .U 9 

19.161 


22.715 

22.803 

22.887 

22.968 

23.046 


27.840 

28.000 

28.156 

28.306 

28.453 


86 

87 

88 
89 
9c 


19.699 

• 9-7 • 3 
19727 

19.74c 

19.752 


24- •4.3*30-7 ‘0 

24. •76:30.786 
24.207t30.860 
24.23830.932 
24.267j31.002 



( Xj . - A 
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■ A TABLE Jhenvih^ the diferehce of 
•values of an annuity for Ife^ at the 

rates of /^and^^ per cent, inferejl. 




t 

This table may be ufed as a fupplcmeht 
to that in page 38, iSc, thus; Suppofe it 
were required to find the .vahie of a life 

of forty-four, at the rate oi ^—percent. 

intereftj then looking in tab. I. page 39, 
againft 44 years, under 4 per cent, you wUl 
find 11,0, with this enter the firft column 
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ef the laft table, and agaihft it, in the 
fccond column, you will have 0.6* which 
fubtradted from ii.o, leaves 10.4 for the 
value required. 

A M ET HOD for invefligating the •oa* 
lues of annuities upon lives, by approxi- 
mation, without the help of tables, 

' Becauft there may be occafion fome- 
times to know the values of lives com-< 
puted at different rates of intereft, from 
any exhibited in the foregoing tables, and 
as the general method for this purpole^ 
laid down in the former part of this book^ 
is too tedious for common practice, I have 
endeavoured to remove that inconvenkney 
fcy help of fome eafy approximations. To 
effedl this, I found it neceflary to conffder 
the values of lives in two diferent cafes, 
one when the given age is lefs than 45 
years, and the other when it is greater. 

RULE I. 

^0 find the. value of an ajfigned life, wh<fe 
age is not lefs than 45 years. 

Multiply the difference between the given 
age and 92 years, by the intereft of 1 /. 
for one year, add 2.47 to the produd, and 

^vide 
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divide the fiid difference by the produdt fo 
increafed, then the quotient will be the 
anfwer. 

Note. This rule comes fo near the truth, 
that the error for the general part does not 

amount to — , and fcarce ever to — of a 

lO’ lO 

year’s purchafe. 



EXAMPLE I. 

Let the propofed age be fifty years, and 
intereft at lo per cent, then fubtradling 50 
from 92, we have 42, which multiply ’d 
by o.i, the intereft of i /. will be 4.2, and 
this added to 2.47, gives 6.67 j by which 
divide 42, and there will come out 6.3 
for the value required. > 

EXAMPLE II. 

Suppofe the given age to be 55 years, 
and intereft at 4 per cent. Here the diffe- 
rence between the given age and 92 years, 
will be 37, and the intereft of i /. equal 
to 0.04 ; with which proceed as in the laft 
example, and the required value will be 
found 9.36 ; but if the rate of intereft had 

been 4 per cent, the value then had been 

only 8.94 j the like of any other. 

I 
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I would willingly have given a rule fimi-- 
lar to the foregoing, for the other, cafe 
where the given age is lefs than 45, but 
have not been able to find out any thing 
either fo general or fo fimple, as that ap- 
proximation for older lives ; however, if the 
rate of intereft be not lefs than 3, nor 
greater than 10 per cent, nor the age pro- 
pounded, lels than 12 years, the value of 
iuch a life may be always had by,/ the’ 
following rule, to a degree of exadnefs 
equal to the former. 

R U L E II. 

. i 

To find the value of any aftgned life, wbofe 
age is neither lefs than 12, nor greater 
than 45 years. 

Take the difference between the given 
age and 29 years, alfo between the fame 
age and 100 years, and let the former of 
thofe differences be multiply’d by 10 times 
the intereft of i /. for one year, and the 
produd added to, or fubtraded from the 
latter, according as the given age is greater 
or lefs than 29 years, and let the fum or 
remainder be multiply’d by 40, and the 
produd be referved : add 100 years to the 
given age, and multiply the fum by 22 
times the intereft of i /. for one year j 
add 100 to the produd, and divide the 

referved 
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rofcnred produd by this fuip, and the quo- 
wUI be the Y^luc rcqiured. 

EXAMPLE. 

Let it be propofed to find the value of 
a life of twenty, computed at the rate of 
I per cent. 

Here the firft mentioned difference will 
be 9, and die other 8o, and therefore the 
former multiply’d by 0.5, or 10 times the 
interefl: of i /. will be 4.5, which fub- 
tradted from 80, leaves 75.5, and this mul- 
tiply’d by 40, will give 3020, for the pro- 
duft to be referved. Moreover the given . 
age, increafed by 100 ye^rs, is 120, which 
multiply’d by i.i, (=22 x .05) will be 
132 ; therefore dividing 3020 by 232 
(=100-1-132) we have 13. i for the num- 
ber of years purchafe required. 

It will be needlefs (I prefume) to offer 
any thing farther by way of example ; 
but, for the reader’s fatisfa( 9 ion, and to re- 
move any doubt that he may entertain with 
re^rd to the eita^nefs of the above me- 
thods of folution, I have thought proper to 
add the fubfequent table ; which fhews the 
values of lives to every loth year of age, 
both according to thofe methods, and alfo 
according to the table of obferva,tions. 

Age 
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> 


Value at 
5 per ct. 
by the 
rules. 


Value 
at 5 per 
tent, 
accord, 
to obf. 


Value at 
4 per ct. 
by the 
rules. 


Value 
at 4 per 
cent. 
accord, 
to obf. 


Value ^t 
Iperct. 
by the 
rules. 


Value 
at 3 per 
cent. 
accord, 
to obf. 


20 


13.01 


13.0 


14.86 


14.8 


17-25 


17.2 


30 


1 1.60 


1 1.6 


13-13 


I3-I 


15-11 


15.0 


40 


10.31 


10.3 


11-53 


”-5 


*3-14 


13.2 


50 


9-^9 


9.2 


10.12 


10. 1 


1 1.26 


1 1.4 


60 


7.86 


7-9 


8.53 


8.4 


9-36 


9-2 


70 


6.13 


6.2 


6.56 


6-5 


7.02 


6.9 



The two foregoing rules are accommo- 
dated to the fame obfervations as the preced- 
ing tables, as the beft, undoubtedly, for the 
city of London^ and parts adjacent ; but if 
any one be defirous of an approximation 
according to the Brejlau obfervations, the 
following rule, in any cafe where the pro- 
pofed age is. not lefs than 3^0 years, nor the 
rate of intereft lefs than 3, nor greater than 
6 per cent, will give the true anfwer very 
nearly. The rule is this. 

Multiply the difference between the given 

o 

age and 87 years, by -- of the intereft of ^ 

I /. for one year, and add i .9 to the pro- 
du<ft, and divide the faid difference made 
lefs by 2, by the product fo increafed, and 
then the refult will be the value required. 

R ' Having 
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Having now (hewn how to approximate 
the values of fingle lives, it remains next to 
lay down fomcthing in relation to annuities 
upon two or three lives. 

RULE III. 

To find the value of two lives A and B. 

Multiply the value of the youngeft life 
A by the intereft of i /. for one year, and 
fubtradl the product, and alfo half the pro- 
du< 5 l, each from unity, dividing the laft re- 
mainder by the former j multiply the value 
of the life A by the quotient thus arifing, 

and divide ^ of the fquare of the value of 

the oldeft life B, by this produd:, then the 
quotient, added to the value of the life 
A, will give the required value of the 
longeft of the two lives. 

EXAMPLE. 

Suppofe the value of the youngeft life A 
equal to 12 years purchafe, and that of the 
oldeft B, equal to 10 years purchafe, reckon- 
ing intereft of money at 4 per cent, then 
the value of the life A multiply’d by 0.04,' 
the intereft of i /. for one year, will be 
0.48, and half thereof equal to 0.24 j thefe 
feverally taken from unity, leave 0.52 and 
0.76, the former of which divided by the 

' latter. 
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latter, gives 1.46, and this multiply’d by the 
value of the life A, will be 17.52 j there- 
fore by dividing ^ of the fquare of the 

value of the life B, by 17.52, we have 
2.3, which added to 12, gives 14.3 for the 
value required. 

RULE IV. 

• To find the value oj the three lives A, B, C. 

Firft, find the excefs of the value of the 
two youngeft lives A, B, above that of 
the youngeft life A, by Rule III. then 
divide the value of the oldeft life C, 
by the value of the life B, and cube the 
quotient, and multiply that cube by half 
the fakl excefs ; then the produdt added to 
the value of the two lives A and B, will 
be the value required. 

EXAMPLE. 

“Let the value of the life A be fuppofed 
equal to 1 2 years purchafe, that of B equal 
to 10 years purchafe, and that of C equal 
to 8 years purchafe, and intereft at 4 per 
cent, then the exc^s of the value of the- 
two lives A, B, above that of the youngeft 
life A will be 2.3 (by Rule III.) moreover, 
the value of the life C being divided by 

R 2 that 
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that of B, we have 0.8, the cube whereof 
is 0.512, which multiply’d by 1.15, half, 
the abovefaid excefs, gives 0.588, or 0.6 
nearly, and this added to 14.3, the value 
of the two lives A, B, gives 14.9, for 
the value of all the three lives. 

Note. The two laft rules will ferve in- 
differently, either according to the London^ or 
according to the Brejlau obfervations, the 

error, in either cafe, feldom exceeding 

of a year’s purchafe, as I have found by 
many repeated trials. 

I fliall conclude this little tradf with the 
Solution of the following Problem, which 
tho’ it relates not immediately to the fubjedt 
of annuities, depends neverthclefs upon the 
fame principles. 

PROBLEM XXXI. 

^0 determine from a table of obfervations^ 
and the bills oj mortality of any place^ the 
■ number of fouls contained in that place. 

SOLUTION. 

Let A O reprefcnt the utmoft extent of 
life continued from the time of birth at A, 
to the extremity of old age at O, and let 
B D P O be a curve, whofe ordinates C D, 
QJ^, ^c. are, every where, to one another, 

as 



V 
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as the number of perfons (found in the ta- 
ble) that arrive to the corresponding ages 
A C, A let ah be taken very near, 

and parallel to AB, and qp at the fame 
diftance from QJ*, and let the re<Shingle B 0 
reprefent the number of perfons which die 
in the propofed place, in any given interval 
of time A S, as found from the bills of inor- 
tality ; then will the number of perfons that 




come into, or go out. of, being In the inter- 
val A <7, be reprefented by the rcftangleBtf ; 
and confequently the number of all the liv- 
ing, whofe ages are comprized in this in- 
terval, by the area B A <9: « B, or the fame 
redlangle B a very near : Wherefore, finCe 
the number of individuals, whofe ages now 
take up Atf, will in the time A Q^be 
reduced in the ratio of A B to P fo as 
to be expounded by the area P Q P, the 
number of all the living at the end of that 

time. 
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time, whofe ages are then included between 
Q^hd y, will be reprefented by the area 
PQy/P ; iince it is evident that the ages 
of all who come into being, before or after 
thofe now included between A and will 
then be cither greater than A y, or lefs than 
A Qj^ Therefore as the number of the liv- 
ing, at all equal ages, is fuppofed to con- 
tinue conftantly the fame, and as the above 
reafoning holds every where throughout the 
whole extent of life AO, it is manifeft 
that the number of all the living, at any 
one time, will be expounded by the whole 
curvilincal area A O P B A, and therefore 
will be to the number of perfons dying, in 
the propofed interval of time A$, as that 
area to the redtangle BS. Q:_E. I. 

COROLLARY. 

Hence if the whole term of life AO be 
divided into feveral fmall intervals A ahy 
bc^ fo that each interval may repre- 
fent one whole year, and ordinates AB, 
a ^ 2, Gfc. be defcribed at the points of 
divifion, and the firft AB be taken 1280, 
then will <7 i, ^2, £■3, Gfc. according to 
the foregoing table of obfervations, taken 
from the bills of mortality of the city of 
Jjohdon^ be 870, 700, 635, 600, G’c. re- 
Ipedively; from whence the area AB Q A 
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will come out 25500 very near, which 
area is, therefore, to the redangle Btf, as 
25500 to 1280, or as 20 to i nearly; 
whence it appears that the number of the 
living, at any one time, bom within the 
bills of mortality of this city, is to the . 
number of births happening yearly within 
the fame bills (taken at a medium) as 
20 to I, very near; but fince the number 
of burials happening yearly, always exceeds 
the number of births, by reafon (as has 
been before obferved) of the continual 
afflux of people from all parts to town, 
the proportion of that number to the whole 
body of the inhabitants, will be confrde- 
rably different from the proportion above 
given; yet may be nearly eftimated by 
comparing together the number of burials 
and chriftenings, &c. 

And (from a method too tedious to be 
inferted here) I make it as i to 26 very 
near. I know indeed that a certain author, 
coniiderable in thefr kind of difquiiitions, 

give. 
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gives the proportion very different from that 
above, viz. as i to 3 5 j but this, I appre-' 
hend could only be owing to a want of 
obfervations j becaufc, if we fuppofe as 
many perfons to live, at any one time, as 
die in 35 years, thgn it will follow, that 
the expeftation or (hare of life due to each 
infant, at its coming into the world, taken 
at a medium, is 35 years; but it evidently 
appears from the foregoing table, and other 
undoubted obfervations, that there is fcarce 
any part of life wherein the expe<flation is 
ib great as 35 years; much lefs in the very 
beginning of it, attended by fo many ca- 
fualties and dangers. 
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